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Lectures on the Theory of Meciprocants. 

By Professor Sylvester, F. K. S., Savilian Professor of Geometry in the University 

of Oxford. 

[Reported by James Hammond, M. A.] 



LECTURE XXV. 

In a letter to me dated June 14th, 1886, M. Halphen calls forms which are 

1 v 
persistent under the substitution — , — , Invariants oVhomologie. He uses the 

letters a , a lt a 2 , a 3 , . . . . a n 

to denote y and its successive modified derivatives with respect to x; and, sup- 
posing them to become 

-^0) -^1) -^2) -°-3i • • • • -™- n 
1 V 

in consequence of the substitution — , — , gives, in the briefest possible man- 

ner, two very ingenious proofs of the formula 

, N , ,f , n— 2 , (n — 2)(» — 3) . "1 

A n = (-J-a^-ijo. + 3^- a„_ a + K - u 'l x , a H _, + . . . . J , 

from which he deduces the theorem that the substitution in question changes 
any homogeneous and isobaric function /, of degree i and weight o in 

<?0 , a± , G&2 , C&J , . . . • Ct^, , 

into jF= (— Y^-^'f, 

where © is the partial differential operator 

— «o3 0l + <hda s + Zasdat + + {n — 2) a n _ x d an . 

I give the two proofs mentioned above in M. Halphen's own words, adding 
occasional footnotes, and making slight changes in the literation of his formulae 
when it seems desirable to do so. 

Soient X=— t ¥=-$-. 

X X 
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Par une formule connue (Schlomilch, Compendium II.) 

et puisque Y= Xy, il en resulte 

d n Y ^d n y , d n ~\ , ^-„{d n .„,. d"- 1 , . , ,) 

= (_ lYx^-Av + ^~ 2 ^ 1/ 4- "("-^-aXn-S) If 

— v 1 ; x Vyn-r lx Vn-l-T 1.2.0^ 2/»-8 T . . . .|. 

Si Ton pose d n Y _ , _ , 

il vient 

(I) ^-(-l)V^ + ^\„_ 1+ ^|^a_+....}. 

Soit e/=I l (n-2)a n _ 1 ^ 

on aura 

0o„=(n— 2)a n _ 1> 

e 2 a n = (n — 2)(n — 3)a n _ 2 , 



A n =(- i)" a *- i {o il + ^0«» + ri^ 02 ^ + •■■•}• 

* An easy inductive proof of this may be obtained as follows : 

Since * = _ x * * we have d " + >, = ~ * 2 ^(^V 

dX da; dX K + 1 dx\ax K / 

Hence, assuming the truth of the formula when »=«,we find 
£±^ = ( _ ) . + i as , d j^ + idl i } ) 

-(_)-= + V |^ + i J^±I ( a --i»)+(« + l) a f^(a«- ] ») } 

= (-)" + V + »{* *SJ (as— Hf) + (« + l) £ (^ _1 2/) } 
' d* " t * 1 da; ' 

= (-)«+ V+»i£±^). 

d«' c + 1 
Thus, if the formula is true for » = * , it will be equally so when n = k + 1 . But it is obviously true 
when n—l( when it becomes -=-% =: — x 2 -&\ ? an <i therefore holds universally. 

t For, expanding by Leibnitz's Theorem, 

-^ (a^-h) -n-f^ W~ % y) = *"-V+» (n-1) x*S n - X + n fe^ (n-l)(n-2) *»-ty n _,+ .... 
da; da;™ x 1 " 4 

-»{a; n ~ 2 2/„-l+('»-l)(»-2) a; " _3 2/»-2+----} 
= ^- 1 2 / ra +n(»-2)a;"-X_ 1 + w(?t - 1) ^~ a)(w - 8) ^- 3 yn-2+---- 

J The summation extending to all positive integral values of n , from 1 to go, so that 
6 = — a d ai + a 2 da s + 2a 3 8 ai + 3a 4 3a 6 + . . . . 
Remembering that Halphen's a , a t , a 2 , a 3 , . . . . have the same meaning as our y , t, a,b, . . . . , this 
operator is — yd t + as b + 2bs c + Bcd d + . . . . identical with the © used in previous lectures. 
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Par consequent, pour une fonction contenant a , a x , a % , . . . . , de degre i et de 
poids 6), a chaque terme, on aura 

J p=(-i)^-{/+^0/+ r A^0y+....}* 

0. Q. F. D. 

Autre Demonstration de la Formule (I).f 

Si Ton change X et x en X-\- H et x + h, on a 

Maintenant la formule 

2/ = «o + ^«i + A 2 a 2 +.... + /^a^ + . . . . 
ecrite symboliquement% 1 

* We may show without much difficulty that, when Q x , © 2 , 9 3 , . . .. are each of them equivalent 
to 6, but Oj acts on u only, 6 2 on v , 8,01110, and so on, Ouvw ....=: (9 X + 9 2 + 9 3 + . . . .) w-yto .... 
From this it can be deduced that Q K uvw ... . rr (9 X + G 2 + 9 3 + . . . .) K uvw . . . . , when k is any positive 
integer. Now let the number of the functions u,v,w,. . . . be i , and suppose that 

« = ««! ^ = <V w = a q , ; 

suppose, also, that the weight m + jp + o: + . . . . = u . Then 

.4,,^ . . . . = {-r^-ie^aJieK^aJ .... = (_)"**- 'e* (•.+ •. + •» + ••• -^^ .... 

(for by what precedes 9 X + 9 2 + e 3 + may be replaced by 0). Taking a n a p a Q and A n A p A q 

to be corresponding terms of / and F, we see at once that 



**= (—ros*— W- 

t If x becomes x + h in consequence of the augmentation of X by an arbitrary quantity H, the 

increment of x will not be a constant, but will depend on X as well as on H. The value of h may be 

11 X 

found at once by eliminating x between X= — and X+ H— . , , when we obtain X+ £[■=. , 

ZC QC ~\ fh A J /t— A. 

and consequently ft = — „.„,—■ . 
-i ( JC -+- jfc( ) 

This increase of X also changes ^ and F (functions of x and X, whose original values were a and 
A before the augmentation of X took place) into 

y = a + fta t + 7* 2 a 2 +....+ h n a n + . . . . 

and into Y—A +HA 1 + H 2 A i + +H n A n + 

These altered values of y and Y are the ones used in this second proof ; the. other letters retain their 
original signification. 

X The word symboliquement indicates, whenever it is used, that powers of a are to be replaced by 

a n -\ a n ~ 1 + . . . .) 

is to be replaced by A n = (— ) n x in — 1 i a n -\ a n _ 1 + . . . .)• 

In our notation the final result is A nJr ^=. ( — ) n x 2n + s (a, 6,c,d,....Q — ,l). 
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devient __ X{X+H) 

y X* + H(X+a)' 
D'ailleurs Y=(X+E)y; 

done symboliquement 

(m r- X ( x + H ) 2 

\ ' X 2 + H(X+a)' 

Si l'on developpe le second membra (II) suivant les puissances ascendants de H, 
le coefficient de H n est A n . Or ce developpement est 

+ .... + ( _ lKf) - (l + .« ra) « + ....} 

done syrnboliquement 

A n = (- 1)" ~(l + £)""* = (- ly^-^a + 1)"" a» 

ce qui est justement la formule (I). 

We may regard the coefficients a, b, c, .... of the ordinary binary Quantic 
in u , v , (a, b, c, . . . .\u , v) n , 

as the successive modified derivatives, beginning with the second, of a new 
variable y with respect to another new variable cc . 

Any invariant / of this Quantic will then retain its form unaltered, or at 
most merely acquire an extraneous factor, if 

1° leaving x, y, v unaltered we change u into u + Xv, 

x y 



2° " u,v " " " x, y " 

3° " u, v " " " x, y 



1 + hx' l + hx' 

« J_ 1. 

x ' x ' 

where % and h are arbitrary constants. 

For we have seen that these three substitutions will severally convert any 
homogeneous and isobaric function F, of degree i and weight w in the letters 
a, b, c , into 

_hO_ SI 

e m F, (1 +Ax)"e 1 + to -F, and (— ) w x v e*F, 

where, in each case, II = ad b + 2bd c + 3cd d +...., and v =■ Si + 2w . From 
our point of view an invariant is defined as a homogeneous and isobaric solu- 
tion of the equation 117= 0. 

Hence the above substitutions convert the invariant I into 

I, (1 + hx) v I, and (— ) a xrl, respectively. 



Sylvester : Lectures on the Theory of Reciprocants. 301 

An absolute invariant with respect to any substitution is one which, disre- 
garding its sign, remains unchanged in absolute value by that substitution. Thus, 
any invariant for which 

v = Si + 2w — 

is an absolute invariant with respect to each of the three substitutions here 

considered. 

An invariant is of odd or even character with respect to any substitution 

according as its sign is or is not changed by that substitution. Thus, invariants 

1 v 
are of odd or even character with respect to the substitution — , — according 

as their weights are odd or even. 

This corresponds to the theorem that the character (with respect to the 
interchange of x and y) of a pure reciprocant is odd or even according as its 
degree is odd or even (vide American Journal of Mathematics, Vol. VIII, p. 251). 

From any two invariants for which v has the same value we can form an 
absolute invariant (i. e. one for which v = 0) by taking their ratio, and then by 
differentiating the absolute invariant thus formed obtain another invariant. 

Suppose I x to be an invariant of degree i y and weight w x , 

and let 3% + 1w x = Vi , 3i 2 + 2tc 2 = v 2 ; 

then the v for I? is the same as that for Ip, and consequently Iplf* is an abso- 
lute invariant. 

We proceed to show that -=- (I{*If l ) is an invariant, though not an absolute 

one. 

Using accents to denote differential derivation with respect to x, we have 

If, then, we can prove that v % I(I % -*- v x I x Il is an invariant, it will follow that 

-j- (Iplf 1 ) will be one also, and the proposition will be established. It may 

be very easily shown that this is the case by using Cay ley's generators P and Q. 
For (see American Journal of Mathematics, Vol. VIII, p. 221), / being any inva- 
riant of degree i and weight w, PI and QI are also invariants where 

P = a(bd a + cd b +^3,.+ ed d + . . . .) — ib, 
and Q = a (cd b + 2dd c + 3e3 d +....) — Ivcb. 
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Hence (3P + Q) I is an invariant. 

Now, since 3bd a + 4c3 6 + 5dd c +.... = — , 

and 3i + 2w> = v , 

(3P + g) 7= a (3&a a + Acd b + 5dd c + ) 7— (3* + 2to) 67 = a7 — vbl. 

Consequently al[ — r 1 J7 1 and a7| — r 2 &7 2 

are both of them invariants. Hence the combination 

v % I % (al{ — Viblj) — v^ (all — v t bl t ) = a (r 2 /{7 2 — vJJi) 
is also an invariant ; i. e. 

is one; which is the theorem to be demonstrated. 

The invariant al' — vbl, which we generated from 7, is of degree i + 1 and 
weight w + 1 ; its v is therefore the original v increased by 5 units, three for the 
unit increase in the degree and two for the unit increase in the weight. Hence, 
on repeating the process of generation, we obtain the invariant 

\ a i ~ ( V + b ) b }( aI ' — vbI) = a i P — 20+ l)abr — 4vacl+ v(v + 5)b*I. 

By adding on the invariant v(y-\-b)(ac — b % ) I and dividing the sum by a, the 
above invariant is reduced to 

al" —2(v + l)bl' + v(v + 1) cl, 

which is an invariant of lower degree by unity than the unreduced form. 

The results obtained above may be compared with the corresponding ones 
in the theory of reciprocants. 



Thus to the invariants 

7(deg. i, wt. w), 
al' — vbl, 

vJiIz — vJJl, 
al" — 2 (v + 1) bl' + v (v + 1) cl, 
where v =■ Si + 2io , 



correspond the reciprocants 
R (deg. i, wt. w), 
aBf —fibR, 
faRlRz — ^RJll, 

5aR" — 5 (2p + 1) bR' + 4p (ft — l)cR, 
where fi= Si + w. 



Defining a plenarily absolute form to be one whose degree and weight are 
both zero (i=0, w—0), the theorem I shall now prove maybe stated as 
follows : 
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By differentiating a plenarily absolute principiant we obtain another principiant. 
Let P be any principiant of degree i and weight w. Then, by what pre- 
cedes, since P is both an invariant and a reciprocant, 

a -, vbP is an invariant, 

ax 

and dP , _ . 

a -5 ubP is a reciprocant. 

Hence, when v = (i. e. when Si + 2w = 0), 

-p- is an invariant, 

and when u = (i. e. when 3i + w = 0) , 

dP. 

7-isa reciprocant. 

When both u = and v = (which happens when i = , w; = 0) , 

dP 

j- is both a reciprocant and an invariant; 

dP. . . . 

%. e. j— is a principiant. 



LECTURE XXVI. 



In the theory of Invariants the annihilator £1 has two independent revers- 
ors any linear combination of which will also be a reversor. To each of these 
reversors there corresponds a generator for invariants. Thus Oayley's two 
generators a (bd a + cd b + dd e + ed d + . . . .) — ib , 

a (cd b + 2dd c + 3ed d + ) — 2wb , 

correspond to the two reversors 

bd a +cd b + dd e + ed d + , 

cd b + 2dd c +Sed d + 

The only linear combination of these which does not increase the extent j as 
well as the weight of the operand is 

o=jbd a +(j- i)cd b + u- $)dd c + .... 

It is convenient to take this for one of our reversors, and for the other 

-^ = Sbd a + 4c3 6 + 5dd c +...., 
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which is a reversor to V, the annihilator for reciprocants, as well as to £1, the 
annihilator for invariants. 

We saw in Lecture XI (American Journal of Mathematics, Vol. IX, p. 1) 
that when F is any homogeneous and isobaric function of degree * and weight 
w in the/ + 1 letters a, b, c, . . . . 

(£10— 0£l) F= (ij — 2w) F. 
The method employed in proving this can also be applied to show that 

where v = Si -\- 2w. 

Corresponding to the reversors and — we have the two generators for 

invariants d , , „ ... „ . 7 

a V7 — to and a — (y — 2w) b , 

which are linear combinations of Cayley's generators. 
Thus, if / be any invariant, 

(a -j vbjlsmd \aO — (ij — 2w)b\I 

are also invariants. 

The operator j- has, but has not, analogous properties in the theory of 

Reciprocants ; viz. — is a reversor to V and a -= (ib is a generator for recip- 
rocants. Thus, we have shown in previous lectures that 

where Fis any homogeneous and isobaric function, and (i = Zi + w, and that if 

R is any pure reciprocant (a -, y.b\R is one also. 

Now, Mr. Hammond has found that if 

m b . , 2ac — ft» , 2>aH — 3abc + b* , 

w = ^ 3 « + ~ir~^ + ? a. + .... , 

IT is a reversor to 7, and a 2 IT — i6 is a generator for pure reciprocants. In 
fact we have 

VW—WV=V^d a 



+ 

+ 
+ 



[y(^)-W(2a>)) db 
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But, since 

V(?»=¥±*) = (l* + 4) - 04 + Co) + ,| = .», 

and TT(2a 8 )=4&, 

it follows that 

FTP — WV= 2ad a + 2bd b + 2cd e + = 21. 

Thus W is a reversor to V. Moreover, a?W—ib acting on any pure recipro- 

cant generates another. 

Let R be a pure reciprocant of degree i; then, by what precedes, 

(VW— WV)R= 2iR. 

But, since R is a pure reciprocant, VR = 0, and consequently VWR=2iR. 

Now, V(a?W— ib) R = a i VWR — iRVb = a\ 2iR — iR.2a? = 0. 

Hence (a?W— ib) R 

is a pure reciprocant; i. e. a % W — ib 

is a generator for pure reciprocants. 

Mr. Hammond shows that W is a reversor to V in the following manner : 
Let u = a + a x e 9 + a 2 e ie + a s <?" +...., 

$(«) = A + A,e 9 + A^ e + J^* +...., 
4(«) = ^o + ^ + ^ + ^ 8 " + ...., 
and consider the operators 

P = Z,A d an + {* l + n)A 1 d an + 1 + (* + 2,a) J 2 3 an + 2 +...., 

Q = XA>d an ,+(x+n>)A[d an , +1 + (*/+ 2 / *')4Jaa B ,+,+ 

Regarding e" as an operative symbol defined by the equation 

' ' " « rf PJ = a„., 

we may write 

P= {XA^'+fr + ii) A« (B + 1, ' + (Jl + 2p) Ae<» + 2 " + . . . .}[3J 

VOL. IX. 
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Similarly, 

Now, 

PQ-QP= { Pe »'°(\>+u'~)^(u)- Qe»°(\ + n ^-) * (u) } [8J 

= {^(a,' + ^ ±) H (u) - *■•(* + p ~) q<?> («)} P.J • 

For £<£ («) = QA + e» g^ + e 29 £4, + . . . . ; 
so that 6»" J- Q$ (u) = e« (e e QA 1 + 2e*<> Q A, + ) 

and e ne J- $ («) = e» e (eM, + 2e 3 M 2 + ) ; 

so that Qe nt ~ 4) (w) = e n9 (e e QA 1 + 2e 29 g 4, + . . . . ) 



dd 



e* -,. r Q<fy{u). 



Similarly, Pe»'» J- ^ («) = e n ' e J- P^ (u) . 

Moreover, 

P4 (m) = 4' («) P« = # (u) P (« + V + «/» + ) 

= V (u)\e ne M + e( n +v e & + [i) Ai+ e {n +» e (l + 2 i u)A i + } 

Similarly, £<?> (it) = e"'Y (u)(a/ + p' J-) ^ (») • 

Hence 

pq - gp = p(V + c «' J-) rf-^(u)(x + /i ^-)<M«) 

- e "(;i + p J-) *• V («) (a/ + p' ^) * (u) } [3 J 
= e <»+»'> • J (V + p'» + p' ^) ^' («)(* + p J-) 4> (1.) 

_ (a + ^ + p J-) ^ („)^ + ^ J*.) 4, (tt ) j pj . 

If in this we write 

q> = — , a = 4 , p = 1 , n = l , 

4- = log u, 71 = , p' = 1 , n'— — 1 , 
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we have 

=10+1) (»+£) -(»+i)l}-pj 

Now, 2»[3 O0 ] = 2(a a + a/ + a/ 9 + . . . .)P.J 

= 2(a 3 a „+ <hd ai + «A S + ) • 

Also P = 4A d ai + 54^,+ 6J,3 Bl +...., 

q = ^a 0i + 243 a ,+ 34&,,+ ..... 

where i- (a + a/ + a 2 e 3 < + ) 3 = 4 + ^/ + AJ* + . . . . 

and log (oo + a/ + c^e" + ) = log a + 4e 9 + A& 9 + 

Equating coefficients, we have 

1 a 2 

A a = -„- Oo , -^i = Ofo a i i -4 = a o c h H — o~ > • • • • 

i z &i i / 2ao«2 — a i 

A ~^7 ' A% ~~ 2al ~ '•••• 
It is easily seen by expanding the logarithm that the general value of A' n is 

or 

( — y+i^n w h ere g n denotes the sum of the n th powers of the roots of 

a x n + a 1 x n ~ 1 +a z x n ~ i +....+ a n . 

Thus we have shown that if 

P = 2a\d ai + 5a a i a ffi2 + (6a a 2 + 3a?) d a3 

, _ % 2a a 3 — a? „ 3«la 3 — 3a a 1 a 3 + af ~ 
and g = — 3 H -, — 3 H -j d„ 2 + , 

then PQ-QP=2 (a 9 ao + a^, + a£ a% +....)= 2i . 

The general formula obtained for PQ — QP is an extension of a result of 
Capt. MacMahon's, who considers the case in which 

d> (u) = — , 4- («) = — r . 

When 4> («) and 4 1 (u) have these values, the general formula becomes 

- kaj. 
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But (*+A+^)(i»" + "-'+"»" + "'-») 

Consequently 

- |« m+m '- 1 [aj. 

In Oapt. MacMahon's notation 

P=(m, %, (i,n), Q=(m',W,(i',n'); 
in our notation 

If now we write 

^ PQ-QP = ^*\\ + ><4)£^ i l^, 

which is equivalent to 

PQ — QP = (m + ml— 1 , a*, ^, n + «') , 
we have 

(a/ + ^ + pr A){A (|B + m ,_ i) + ^ } 

Hence we obtain 

This agrees with Oapt. MacMahon's result, a statement of which was given in 
Lecture XX. 

Let Q be a reversor to the operator P = "ka m d b + (....) 3 C + ( ) d d + • • • • , 

and suppose that 

(PQ—QP)F=xa m - 1 F, 

where F is any homogeneous and isobaric function and x some number depend- 
ing on its degree and weight. Then laQ — xb will be the generator correspond- 
ing to Q. In other words, we have to prove that 

p (x a Q — xb) F= whenever PF— . 



Sylvester : Lectures on the Theory of Reciprocals. 309 

Now, by hypothesis, Pa = 0, Pb=ha m , and when PF = 0, 

PQF=xa m ~ 1 F. 
Thus, P(^aQ — xb)F=^aPQF—xF.Pb 

— "kxa m F— -kxa m F— . 

As an example, consider the case of the reversor -^ in the theory of recip- 
rocants. Here P=V, 1= 2, m= 2; 

and since ( V-£- -±Y)F= 2^aF, 

we have x=2[i. Hence the corresponding generator is 2 (a -^ /ib J ; or, dis- 
regarding the numerical factor 2, we may take a-. ^b for the generator in 

question, which is usually denoted by the letter G. 
We may also write G in the equivalent form 

G = 4 (ae — W) d b + 5 (ad — be) d c + 6 (ae — 6cZ) 3* + . . . . ■ , 

which it is sometimes more convenient to use. 

I shall now show that 

£lG — GO. = aio —■ b£l , 

where w is the weight of the operand. 

It is very easily seen that 

£i(ac — V) = 0, 

£1 (ad— be) = 2(ac — b 2 ), 

Q. (ae — bd) — 3 (ad — be) , 

Q (af — be) = 4 (ae — bd) , 

Hence it follows, by a direct and very simple calculation, that 

£IG — GD. = 2(ac — tf)d c +3(ad — bc)3 d + 4(ae~ bd)d e + 

But, since bd b + 2cd c + Sdd d + 4ed e + = w , 

and ad b + 2bd c + 3cd d + 4dd e + = H , 

aw — b£l=2 (ac — tf) d e + 3 (ad — be) d d + 4 (ae — bd) d e + . . . . 

Consequently 

D.G— GQ. = aio — b£i. 
The use of this formula will be seen in a subsequent lecture. 

We may also prove an analogous theorem relating to the invariant generator 

a —, vb, which we shall call G' . 

ax 
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Let the operand be F, a homogeneous and isobaric function of degree i 
and weight 10 . Then VF is of degree i + 1 and weight w — 1 ; its v is therefore 

3 (t + 1) + 2 (w — 1) = v + 1 . 

Thus, (Fff-(?y)J-={7(«^^rt)-(«^_rt-»)r}j- 

= a ( F i~(^ Y S )F — v{Vb — bV)F+hVF. 

But ( F J^ — ^ V) F- 2(iaF = 2 (3i + w) a.F 

and VbF=bVF+2a*F. 

Consequently 

VG' — G'V=2(3i + w) a % F— 2va 2 F +bVF 

= 2 (3i + w — v) a?F+ bVF 

= — 2wa?F + bVF. 

It is perhaps worthy of notice that if I is an invariant of weight to and B 
a pure reciprocant, also of weight w , then 

D.GI= awl and VG'B ~ — 2a?wR; 
whereas £IG'I= and VGR = . 



LECTURE XXVII. 

I should like to make a momentary pause in the development of the theory 
which now engages our attention and to revert to the proof of Cayley's theorem 
for the enumeration of linearly independent invariants contained in Lecture XI 
and expressed by the formula (w; i, j) — {w — 1 ; i, j). 

Since that proof was written out I have endeavored to obtain one that might 
be capable of being extended to the supposed analogous theorem, regarding 
pure reciprocants, expressed by the formula (to; i, j) — (10 — 1 ; i + 1 , j) , but 
all my efforts and those of another and most skilful algebraist in this direction 
have hitherto proved ineffectual. 

In aiming at this object, however, I obtained a second proof of Cayley's 
theorem less compendious than the previous one, and subject to the drawback 
that it assumes the law of Reciprocity, but which possesses the advantage over 
it of being more direct and looking the question, so to say, more squarely in the 
face. The forms of thought employed in it seem to me too peculiar and precious 
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to be consigned to oblivion. I am not one of those who look upon Analysis as 
only valuable for the positive results to which it leads, and who regard proofs as 
almost a superfluity, thinking it sufficient that mathematical formulae should be 
obtained, no matter how, and duly entered on a register. 

I look upon Mathematics not merely as a language, an art, and a science, 
but also as a branch of Philosophy, and regard the forms of reasoning which it 
embodies and enshrines as among the most valuable possessions of the human 
mind. Add to this that it is scarcely possible that a well-reasoned mathematical 
proof shall not contain within itself subordinate theorems — germs of thought of 
intrinsic value and capable of extended application. 

That such was the opinion of our High Pontiff is shown by the publication 
of his seven proofs of the Theorem of Reciprocity, a number to which subse- 
quent researches have made almost annual additions (like so many continually 
augmenting asteroids in the Arithmetical Firmament) to such an extent that it 
would seem to be an interesting task for some one to undertake to form a corolla 
of these various proofs and to construct a reasoned bibliography, a catalogue 
raisonnee, of this one single theorem. For these reasons, I shall venture to put 
on record (valeat quantum) the following Second Proof of Cayley's Theorem. 

The notation which I proceed to explain will be found very convenient. A 
rational integral homogeneous isobaric function will be called a gradient; its 
weight, degree, extent (extent meaning the number of letters after the first) will 
be denoted by w; i, j and spoken of as the type of the gradient. Either a 
single letter, such as q> , will be employed to denote a gradient, or else its type 
enclosed in a parenthesis thus [to; i, j~\. The abbreviation T<p signifies the 
type of <£>; thus, T<p = iv; i, j . 

The number of terms in the most general gradient whose type is the same 
as that of <p will be spoken of as the denumerant of <£. The letter iVwill be 
used to denote such a denumerant; thus, N<p signifies the denumerant of q>. 

In like manner, the letter A will be used to denote the number of linear 
relations between the coefficients of any gradient, whenever such relations exist. 
Hence Np — A<p expresses the number of terms in <p whose coefficients are left 
arbitrary. Obviously, when ty is the most general gradient of its type, we have 

Aq>= 0. 

We also use i?to denote the ij — 2w, which may be called the excess, of the 
gradient of type w; i, j. Thus, if Tq> = iv; i, j, we write Eq> = ij — 2io. 
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The operators which we shall employ, viz. XI and XI', are defined by the 
equations CI = a d ai + a x d a ^ + a s 9 , + ....., 

CI' = aA, + a»3 , + . . . . 

The first of these is of course an equivalent, but for present purposes more con- 
venient, form of ad b + 263 c + 3c3 d + ...'., the ordinary invariant annihilator CI 

(as will be evident on writing a = a, a t = — , a 2 = r— ~ , . . . . J ; the second of 

them, XI', is merely XI deprived of its first term. 

We may now give the following enunciation of the theorem to be proved : 
If <p is the most general gradient of its type, City is also the most general gradient 
of its type whenever Ety is not negative. In other words, we shall prove that, 
subject to the condition stated above, AClty = whenever A<|> = 0. This is 
equivalent to Cayley's Theorem on the number of linearly independent inva- 
riants. For the number of forms of the same type as (p, and subject to annihi- 
lation by XI , is Np — NClty + ACl<p ; 
and Cayley's Theorem states that the number of such forms is Nty — NClty, 

which will be the case when 

ACl<p = 0. 

The theorem of Eeciprocity enables us to dispense with the discussion of 
those cases in which the extent j is greater than the degree i. For since (see 
American Journal of Mathematics,! ol. I, p. 91) the number of linearly inde- 
pendent invariants for the type w; j, i is the same as for the type iv; i, j, we 
can substitute the first of these types for the second, using $, whose type is 
to; j, i, instead of <p, whose type is w; i, j. Thus we have 
N$ — NCl^ + ACl^=Nty — NClcj) + ACl<p. 

But by Ferrers' proof of Euler's Theorem (vide A Constructive Theory of Par- 
titions, Vol. V, No. 3 of this Journal) , 

N4, = N<p and NCl^ = NCl$. 
It obviously follows that ' ACl-^ = ACl<p . 

Cases for which the extent is greater than the degree may therefore be made to 
depend on those for which the degree is greater than the extent. Hence Cay- 
ley's Theorem depends on the proof that ACl<p = when i =>/ and ij = > 2w. 

In the course of the demonstration, the following Lemma will be used : 
If T<p = w; i, j and T^ = ij — w; i, j, then Nty = N4>. 
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The types of the two gradients we are now considering may be said to be com- 
plementary, and then the Lemma may be enunciated in words as follows : 

The denumerants of two gradients are equal when the types of the gradients 
are complementary. 

The proof consists in showing that to each term of the type w; i, j there 
corresponds a term of the type ij — w; i, j. Let a^a^a^ . • . . af be any term 
of the type w; i, j; then 

w= \ + 2fa -f 3A 3 + +faj 

and i = h + ^1 + ^2 + ^3 +••••+ >V 

Writing the suffixes of the letters a , a x , a 2 , . . . . aj in reverse order, everything 
else being kept unchanged, we obtain the term aj a aj 1 _ 1 aji_ i .... ofy, whose weight 
we will call w'. Then 

=j (fa + a* + * 2 + • • • • + h) - ifa +■ 2A 2 + 3A 3 + . . . . +y^) 

= ^y — w . 

The degree of the transformed term is still i, and its extent is stilly, while its 
weight has become ij — w ; its type is therefore complementary to that of the 
original term. Hence to each term of any given type there corresponds a term 
of the complementary type, and consequently the total number of possible terms 
(i. e. the Denumerant) for each type is the same. 

By means of this Lemma it can be shown that AH^> = when Eip = — 1 . 

Let T<p = w ; i, j where ij — 2w = — 1 ; 

then, since T£lq> = w= 1; i,j, the types T<p and TQ.<p are complementary (the 
sum of the weights being w -\- w — 1 = ij) . 

It follows from the Lemma that the Denumerants of ^ and £l<p are equal. 

Hence AD.<p=0. 

For if not, the number of independent terms in £l(p being less than the denu- 
merant of £l<p , will also be less than its equal, the denumerant of ty , and there- 
fore there will be one or more invariants of the type w; i, j for which the excess 
is negative. Since this is known to be impossible, we must have 

A£l(p=0. 

"We next prove that, in all cases for which i =^>w, the number of linearly 
independent invariants of the type w; i,j is correctly given by the formula 

(w;i,j) — (tv—l;i,j), 

VOL. IX. 
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which is equivalent (as we showed at the beginning of Lecture XV) to 

(w;w,j) — (io— l;w,j), 

or, what is the same thing, to the coefficient of a w x w in the expansion of 

~_ 1^ 

(1 — a)(l — ax){\ — aa?){l — ax 3 ) (1 — ax>) ' 

Let the expansion of 

G = 1 - T 



. (1 — ax) (1 — ax ') (1 — ax 3 ) (1 — ax i ) 

be 1 + (a — l)x + A % x % + + A w x w + 

The expansion of F is obtained by multiplying that of G by the infinite 
geometrical series 1 + a + a 2 + a 3 + • • • • 

But we only require the coefficient of a w x w in the expansion of F, so that we 
need only retain the portion 

A w x w (l + a + a 2 + + a w ) 

of the above product instead of its complete expression. 

It is of importance to notice here that A w , which is independent of x, can- 
not contain any higher power of a than a w . (That this is so will be evident 
from the constitution of the fraction G, for clearly no power of a in the expan- 
sion of G can be associated with a lower power of x.) Thus we see that 
A w = aa w + (3a w - 1 + ya w - 2 + .-...+ xa + X, 

and consequently 

A w x w {l + a + a 2 +....+ a w ) 

= + a w x w (a + (3 + y + x + 1) + 

Hence the coefficient of a w x w in the expansion of F is 

a + P + 7 + + * + *, 

which is the value assumed by A w when in it we write a = 1 . Call this value 

A' w , and let the value of G when a= 1 be denoted by G'. Then A' w is the 

coefficient of x w in 

pi —_ 

(1— a?){\ — x 3 ) (1 — x')' 

Hence we see that, when i=^>w, the value of (w; i,j) — (w — 1 ; i, j) is the 
total number of ways in which to can be made up of the parts 2,3,..../. 

We have yet to show that this number is the same as that of the linearly 
independent invariants of the type w; i,j when i = ~^>w. 

This follows from the known theorem that every invariant is either a 
rational integral function of the Protomorphs a, P 2 , P 3 , . . . . Pj (meaning the 
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invariant a and those of the second and third degrees alternately whose first 
terms are ac, a?d, ae, a 2 /, ••••)> or can be made so by multiplying it by a suit- 
able power of a. Thus, if The any invariant of degree i and weight w, 

where <E>, which is of degree -weight w.w when expressed in terms of a, b, c, .... , 
is rational and integral as regards the protomorphs. 
When i:=^>w, writing 

I = a i -"*(a,P t ,P s ,....P J ), 

<f> consists of a series of terms of the form Aa e P\P 3 . . . . Pj, each with an arbi- 
trary coefficient, where, since 

2a, + 3p + 4v + +tf = w, 

the number of arbitrary constants in <l> is the total number of partitions of to 
into parts 2,3,..../. Hence the number of linearly independent invariants 
of the type w; i,j is also this number of partitions, i. e. by what precedes is 
(to; i, j) — (to — 1; i, j). This proves Cayley's theorem for cases in which 
i =^>«j. 

But when i<^w, the equation 

/a w -* = <D(a, P„ P 3 , ....P 3 ) 

shows that the coefficients of 4> are not all arbitrary, but must be so chosen that 
<J> may be divisible by a w ~ i , and the reasoning employed in the case of i =>w 
no longer holds. 

It will be convenient at this point of the investigation to review the results 
we have hitherto obtained and to see what remains to be proved. 

Cayley's Theorem has been demonstrated for cases in which the degree is 
not less than the weight. This will be expressed by saying that 

A£l[w; i,j~\ = when i=^>w. 
We have also proved that 

A£l [ic ; i, j~\ = when ij — 2w= — 1 . 
The law of reciprocity has been expressed in the form 

AQ. [w; i,j"] = AD. [to;/, i] , 

where [w; t,/] denotes the most general gradient of the type w; i,j. 
The theorem to be proved is that 

AQ. [w; t,/] = when ij — 2w=^>0; 
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but we may at once dismiss those cases in which i=y>w, and (assuming the 
theorem to have been proved for Quantics of order inferior to j) those in which 
i<j, for these depend on the truth of the theorem for a Quantic of order i. 

It remains, then, to prove that, when ij — 2w => 0, All [w; i, j~\ = for 
values of i inferior to w, but not inferior to j. This may be effected as follows : 
Let ty be the most general gradient of the type w; % + 1 , j, and suppose 

<£> = P + Qa-\-Ra* + So 3 , 

where P, Q and R do not contain the letter a, though S may do so. Then, 
writing fa = Q + Ra + Sa?, 

fa is the most general gradient of the type w; i,j. 

Now, if Q. — ad b -\- bd c + cd d + and II' = bd c + cd d + ...., we have 

(i) n* =a>P+(o>Q+§)a + (a!R+ f )«• + (n* + §.)«• 

and 1% = a' q + (fl'i2 + ^) a + (as + ~) a 2 . 

Confining our attention for the present to Clfa, it is clear that if no linear 
relations exist among the coefficients of £L'R (i. e. if A£1'R = 0) the coefficients 

of D! Q are not connected with those of Q.'R -\ — ~- by any linear relation. For 

the coefficient of each term of D! R + -rr~ is the sum of a single coefficient of Q 

and an independent linear function of the coefficients of R. Moreover, obvi- 
ously the coefficients of £l'Q are unconnected with those of £IS -\ — jz- . 

If, then, the coefficients of XT Q are not related inter se (i. e. if AQ.'Q = 0), 
we have 

(2) AIty 1 = A|(n'i2 + -^)a+(n£+-J)a»}. 

Looking now to the expression (1) for Q<p, we see immediately from (2) that any 
linear relation subsisting between the coefficients of £lfa will also subsist between 
those of n^>, and therefore that AXl^ is not greater than AQ.<p. 

If, then, AX1<|> = 0, it follows that AXl^ = 0, provided that both the supple- 
mentary conditions A£l'Q = and AQ'R = are also satisfied. 

Now, since fa = Q -f- Ra + Sa* is the most general gradient of the type 
w;i,j, 

Q will be the most general gradient of the type w — i; i, j — 1 
and 

R " " " " " " " " " to — 1+ 1; i— l,j— 1, 
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when in Q and B we change b, c, d into a, b, c, . . . . This change 

converts D! = bd + c <3<j + » • • • into Cl = ad b -\-bd c + . ... Hence the condi- 
tions AH'Q = and A£1'B = are respectively equivalent to 

A£l[w — i; i,j — 1] = and Aft [w — i -f 1; *— 1,/ — 1] = 0. 
Suj>posing these supplementary conditions to be satisfied, what we have 

proved is that when 

AH [to; * + 1 , j] = (i. e. A£l<p = 0), 

then also AD. [w; i, j~\ = (i. e. ADfa = 0). 

Now, 
Tq> = w ; i + 1 , j , so that 17$ = (i + 1)/ — 2m? = (y — 2w) + j, 

TQ=w-i;i,j-l, " " EQ=i(j-l)-2(w — i) = (y-2w)+i, 
TB=w — i+l;i— l,j— 1, so that ^B = (t— l)(y — 1) — 2(w — i -\- 1) 

= ^y — 2w) + * — y — i . 

Thus, when ij — 2w => and i=~^>j, ' 

E<p and 1£() are both positive. 

EB is in general = > , but in the special case where »)* — 2te = and i =j, we 
have EB — — 1 . Except in this case (which gives us no trouble, since we have 
seen that ADB = in consequence of EB = — 1), we have never to deal with a 
type of which the excess is negative. 

Hence, if we assume Cayley's Theorem to have been proved for all extents 
up toy — 1 inclusive, we have 

AD[w — i; i,j — l] = 
and AH [w — i+ l;i — 1 , / — l] = 

(i. e. the two supplementary conditions are satisfied). 
"We wish to extend the theorem to the extent j. 
Subject to the conditions i = ~p-j and ij — 2w=~^>0, we have 
AH [w; i, y] = if AD [w; i + 1 , j"\ = . 
But we need consider no value of i greater than w, as we have proved that 

AH \_w ; w , y] = = Ad [w ; w + % > j~\ 5 
therefore A£l \_w;w — 1 , j"] = , 

AH \w ; w — 2 , y] = , 



Ano ; y,y] =o. 

As previously shown, the theorem is true for all values of i inferior toy if 
it is true for all Quantics of inferior order. Thus the theorem is true for a 
Quantic of order j and for every value of i if it is true for all Quantics of order 
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inferior to j '. But it is true for the Quadric (where j — 2);* therefore also for 
the Cubic (j= 3); therefore also for the Quartic (y==4), and so universally. 
Hence the theorem to be proved is demonstrated. 



LECTURE XXVIII. 

We now resume the theory of Principiants and proceed to prove the 
important theorem that every Principiant is either simply an invariant in respect 
to a known series of pure reciprocants, which we call A, B, G, D, . . . . , or else 
becomes such an invariant when multiplied by a w ~ 4 , where to is the weight and 
i the degree of the Principiant in question. Using the letter M to denote the 

pure reciprocant ac — 6 2 , and G the ordinary eductive generator, 

4 (ac — b % ) d b + 5 (ad — be) d c + 6(ae — bd)d d + 7(af—be)d e + 

(which, it will be remembered, is only another form of a -z {ib , with the 

advantage of the n being suppressed, i. e. only implicitly contained), we obtain 
in succession the values of A, B, C, D, . . . . from the following equations: 

6 A = GM, 

6B=GA, 

1G— GB — MA, 

SD= GG—2MB, 

9E=: GD—SMG, 



On performing the calculations indicated by these equations we shall find 
A—aH— 3abc + 2b 3 , 

B = a 3 e — 2a V — -^ a*bd + y atfc — 4Z> 4 , 

C = a 4 / — 5a 3 cd - 4a s be + 1 3a 3 5c 3 + ^- ctbhl — ~ ab 3 c + -^ b\ 

25 
D = a 5 a pr- a\P — 6a 4 ce + 7a 3 c 3 + terms involving b , 

u g 

E=a% ^- dde — 7a 5 c/+ 29aW + terms involving b. 



* When j —2 the condition ij=>Zw becomes identical with j=>!o;butwe have already seen that 
the theorem is true whenever i => w . 
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The fact that D is a pure reciprocant enables us to calculate the terms in E 
which are independent of b without a previous knowledge of the values of those 
terms in D which involve b. For, since 

G = 4(ac — V)d h + . . . . and V— 2a 2 d b +...., 

a 2 G — 2 (ac — b 2 ) V does not contain d b . 

Hence the operation of a 2 G — 2(ac — b 2 )V on terms involving b cannot give 
rise to terms independent of b. But, 

D being a pure reciprocant, VD = ; 
so that {a 2 G — 2(ac— b 2 )V\D = a 2 GD, 

and the terms of a 2 GD which do not involve b are found by operating with 

[a 2 G — 2(ac — b 2 )V] b=0 

on the terms of D which do not involve b. 

If, now, we use M , A , B , G , . . . . to denote those portions of 
M, A, B, G, . . . . which are independent of b, and write 

[a 2 G — 2 (ac — b 2 ) F] 6=0 = a 2 G Q , 
we shall still have 

9^= G D —3M G ; 

and in general the law of successive derivation for A , B , C , D , . . . . is the 

same as that for A, B, G, D, . . . . except that G takes the place of G. 

We have 

a 2 G =[a 2 G—2 (ac — b 2 ) F] 6=0 

= a 2 (5add c + 6aed d + 7a/d e -+- Sagd/+ 9ahd g +....) 

— 2ac{6acd d + 7add e + ($ae + 4c 2 )3 / + (9ffl/-f- dcd) d g + f; 

so that 

G = 5add c + 6 (ae — 2c 2 ) d d + 7 (af — 2cd) d e 

+ A (tfg _ 2ace — c 9 )d f + — (a 2 h — 2acf— 2c 2 d) d g + ; 

Qj a 

and consequently (since M = ac), 

5A = G M gives A = a 2 d, 

6B = G A " B = a 3 e — 2a 2 c 2 , 

7G — G B — M A " G = a 4 / — htfcd , 

or. 

8Z> = G G — 2M B " Z? = a fy — _ a 4 d? — 6a 4 ce + 7aV, 

O 

9E = G D — 3 M G " E =a e h — — a'de — 7a*cf + 29a 4 c 2 d, 
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Thus, ex. gr. 
SD = G (a 4 f — 5a s cd) — 2ac(a 3 e — 2a 2 c 2 ) 

= — 25a 4 d 2 — 30« 3 c (ae — 2c 2 ) + 8a 3 (a*g — 2ace — c 3 ) — 2ac (a 3 e — 2a 2 e 2 ) ; 
whence ^ = ^ _ 2^ ^ 2 _ ^ + ^ 

Again ' 9E = G (a'g — ~a 4 dP — Ga'ce + 7a 3 c 3 ) — Sac (a 4 /— 5a 3 cd) 

8 

75 
= bad (— 6a 4 e + 21a 3 c 2 ) (ae — 2c 2 ) a 4 d — 42 (a/ — 2a?) a 4 c 

+ 9 (a*h — 2ac/— 2c 2 d) a 4 — Sac (a 4 /— 5a 3 cd) 

S ives E = a% — ^ o 5 efe — 7a 5 c/ + 29a*<*d . 

Similarly, from the known values of D and E we may deduce that of the next 
letter, F , and so on to any extent. 

It may be noticed that each of the pure reciprocants A, B, G, D, . . . . can 
be determined without ambiguity, by means of the annihilator V, when the 
portions of them, A , B , G , B independent of b are known. 

For suppose B and B' to be two reciprocants, of weight w, for each of 
which the terms independent of b are the same. Then their difference is 
divisible by b. Let 

B—B' = b<p; then V(bf) = 0; i. e. 2aty + bV$= 0. 

Hence q> is divisible by b, and B — B! is divisible by 6 2 ; say B — B! — b % $. 
Then V(b^) = 4a 2 b^ + V V4> = , 

showing that •$/ is divisible by b, and B — B' by b s . 

By continually reasoning in this manner, we prove that B — B' must be 
divisible by b w ; and then the remaining factor (being of weight 0) is necessarily 
of the form Xa 9 , where 2, and 6 are numerical constants. Thus 

B — B' = 2.a°b w , and consequently V(2,a e b w ) = . 

This is impossible unless 2, = 0, when the two reciprocants B, B' become equal, 
showing that there cannot be two different reciprocants for which the terms 
independent of b are the same. When, therefore, the terms which do not involve" 
b of any pure reciprocant are known, the complete expression of that recipro- 
cal can be determined without ambiguity. 

Each reciprocant of the series A, B, G, D, . . . . possesses the property of 
being, so to say, an Invariant relative to the one which precedes it, meaning 
that the operation of £1 = ad b + 2bd e + Scd d + . . . . on any letter gives (to a 
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factor pres) the one immediately preceding it. The first letter, A , is an Invariant 
in the ordinary sense. We can in fact show that 

£lA = 0, 

£IB - A X -|- , 
£1<7=2 J BX-|, 



The proof depends on a formula established in Lecture XXVI of this course, 
viz. D.G — G£l = wa — Ml, 

where G is the generator 4 (ac — b 2 ) d b + 5 (ad — be) d c + and w is the 

weight of the operand. 

Thus, observing that the weights of A, B, C, D, . . . . are 3, 4, 5, 6 

respectively, we have 

(D.G — GD.) A = (3a — Ml) A , 

(XI 6? — OKI) 5 = (4a — b£l)B, 

(D.G - G£l)C= (5a — 611) C\ 

Now, since J. is the well-known invariant a 2 d — Sabc + 2& 3 , we may write 
D,A = in the first of these equations, which then reduces to 

£IGA= ZaA. 
But, since 6B = G A , 

we have 6X1B = £1 G A = ZaA. 

Thus £IB = A X 4 • 

Again, substituting for fli? in the formula 

(D.G — GO) B = (4a — Ml) B, 

we find ii 0.B-G [ (^) = 4a.B--^, 

where, since G (which is linear in d b , d e , . . . . and does not contain d a ) does not 
operate on a, 

»(£) = T «" = *»*• 

and consequently fiG.B + ^4 = 7aB. 

VOL. IX. 
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Now, 


70 = GB — MA; 


so that 


7D.C=£lGB — A£lM — MD.A. 


But, since 


D.M= £1 (ac — ~~)= — ^ and ClA = 0, 




7D.O = ClGB + ~ A = 7aB. 

At 


Thus 


£10= 2Bx~~. 


We may, in 


exactly the same way, prove that 




£lD = SCx ~, 




£lE=4Dx^-, 



and so on to any extent. 

In the following inductive proof it will be convenient to denote the letters 

A, B, O, D, E 

by u , u u u 2 , u 3 , u 4 , . . . . , 

and then the theorem to be proved is that 

£lu n = nu n _ x X — . 

When this notation is used, the- law of successive derivation which defines the 
capital letters is expressed by the equation 

(1) (n + 7)u n + 2 — Gu n + 1 + (n + l)Mu n = 0, 

where G is the generator 4 (ac — Z> 2 ) d b + 5 (ad — be) d + and M = ac — 

Operating with II on the above equation, we obtain 

(2) (« + 7)£lu n + 2 -£lGu n + 1 + (n+ l)(M£lu n + u n £lM) = 0. 

Now, the weights of u , u x , u % , .... are 3,4,5,.... respectively, and conse- 
quently the operation of 

D.G— G£L = ioa — h£i 
on u n + 1 (whose weight is n + 4) gives 

(£lG — GH)u n + 1 = (n + 4)au n + 1 —bClu n + 1 . 

Or, assuming that £lu K = xu K _ 1 X -^ for all values of x as far as n + 1 inclusive 

(it has previously been shown that ClB = A x -x- and £lC= 2B x — , so that 
the theorem is true for x = 1 and x = 2) , 

£iGu n + 1 = G£lu n + 1 + (n + 4) au n+1 — b£lu n+1 

ab 



= (n + 1) G (-^- u n J+ (n + 4) «M a+1 — (n + 1) 



2-M, 
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But (remembering that G does not operate on a, so that G. — u n — — Gu n j 
we have, in virtue of equation (1), 

Hence it follows that 
ilfo, 1+1 =^y-aj(n+ 6)«, +1 + bIm,_i) + (» + i)au n + 1 — (n+ 1) y«„ 

(n + 2)(n + 7) ,n(n + l) ,, , . 1X ab 

= 2 aUn+1 + 2 aMu n-i — (w + 1) -g- «*.. 

On substituting this in (2) we obtain 

(n + 7) |£lw B+8 — (n + 2)-|- « n+1 J 

+ (w + 1) if J ftw„ — » -|- M„_ x | 

+ ( w +iK{nif+-^} = o. 

This reduces to ~ , . oX a 

For, according to the assumption previously made in the course of the demon- 
stration, n a 

so that the second term vanishes ; and the third term vanishes because 

^ t,t ^ / 56 2 \ ab 

£lM=£l[ac ---) = - — . 

We have therefore proved that if the theorem is true for £lu K , when % has any 
value up to n + 1 inclusive, it is also true for £lu n+i . But the theorem holds 
for x = 1 , and for x = 2. It therefore holds universally for any positive integer 
value of x. 

Recalling the known values of the reciprocants M, A, B, C, D, . . . . we 
observe that their principal terms are ac, a?d, a 3 e, a 4 /, a?g, . . . . , where it is to 
be noticed that the most advanced of the small letters in the expression for any 
capital letter occurs only in the first degree multiplied by a power of a. In 
other words, M, A, B, G, D form a series of Protomorphs, and conse- 
quently every Pure Reciprocant can, as we have already seen (vide American 
Journal of Mathematics, Vol. IX, p. 35), be expressed as a function of 
a, M, A, B, G, D, . . . . rational in all of them and integral in all except a. 
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But it is further to be noticed that whereas 

a is of degree 1 and weight , 

M " " " 2 " " 2, 

J$ " " " 4 " "4 

and in fact that every capital letter is of equal weight and degree. 

From this it will follow that every Pure Reciprocant will be the product of 
a power of a into a function of the capital letters alone. 

For let i be the degree and w the weight of any pure reciprocant expressed 

in terms of a, M, A, B, G , and suppose one of its terms to be 

a r >M e A K B k C» ; 

then yi + 20 + 3x + 4^ + 5^ + . . . . = i 

and 26 + Sx + 42, + 5/* + .... = w. 

Hence n = i — w , 

which is the same for every term of the pure reciprocant in question. Thus 
each term contains a i ~ w as a factor, and the reciprocant is of the form 

a*-"*(Jf, A,B, G,B, ). 

Let us now consider any Principiant P; since P is a pure reciprocant, we 
must have P = a*- w <I> (M, A, B, G, D, ) . 

But Principiants are subject to annihilation by II, and consequently HP = , 
which gives 

On writing for Q.M , D.A, D.B , £iC , 

their values — b X -^ , , -4x-^-, 2B X -^- 

we obtain 

~(-bd M +Ad s + 2Bd + sGd JD + ....)^ = o. 

From this it would follow that $ is an invariant in the two sets of letters 

— b, if and A, B, G, D, ; 

but it is easy to see that it is an invariant in the latter set exclusively. For 
M and A, B, G, D, . . . . being all of them pure reciprocants, 

4> and d M <&, d s ®, d ®, d^, 

which are functions of M, A, B, G, . . . . exclusively, must also be pure recip- 
rocants. 
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If, then, we operate with Fon 

{-bd M +Ad B + 2Bd o +ZCd I> ,....)® = 0, 

we shall find V( — bd M ) <I> = (every other term being annihilated by V). Thus 

7(bd x ) $ = (3**) Vb = 2o?d*& = 0, 
and consequently d M <b = . Hence 

(A8 B + 2Bd +3Cdj> + ) * = 0. 

The equation d M <& = shows that M does not appear in the expression for 
any principiant in terms of the capital letters, while 

(Ad B + 2Bd + ZOd D + ) <E> = 

shows that <I> is an invariant in A, B, G, D, . . . . 
"We have thus shown that every invariant of 

(A, b,o ){x, y y 

is a principiant, and conversely that every principiant is an invariant of 

(A, B, G,... .){x, yY, 

or such an invariant multiplied by a power of a. 



LECTURE XXIX. 



Prom the theorem that every Principiant is (to a power of a pres) an 
Invariant in the reciprocantive elements A, B, G, .... we readily deduce its 
correlative in which, everything else remaining unchanged, the reciprocantive 
elements A, B, G, . . . . are replaced by a set of invariantive elements which we 
call A Q , A lf A 2 , . . . . The equations connecting the new elements with the old 
ones are as follows : 

A = A, 

j,=i,_,(4)o+»(4)i-(4)U, 

4=*_4(4)l> + .(±)- -4(l)-* + (4)U, 
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We have, in the first place, to prove that A , A lt A 2 , . . . . are all of them 
invariants in the small letters a, b, c, . . . . This is an immediate consequence 
of the identities £IA = , 

D.B = A X y , 

ac=2Bx ~, 



established in the preceding Lecture, coupled with the fact that £lb = a. Thus 
D.A = nA=0, 

£IA 1 = - -- £IA + (n# -ix|) = o, 

nA 2 = (4) 2 ^ - 2 (irX ni? -^x}) + (na-2fix{) = o; 

and in general, writing the equation which gives A n in the form 
a f h \ n A « f h \ n ~ X T> , »(»— 1)/ b \ n ~ % n 

i n(n-l)(n-2) / b \—» 
" i__ " 1.2.3 V 2; ^T--"- ' 

and operating on it with £1, we find 

fU. = (-4)"<U + .(-4nM-ix}) 

= (each term vanishing separately). 
We next observe that 

(A Q , A lt A % , . . . .)(», */K being equal to (J., £, C, )(« — — y, 2/). 

is a linear transformation of, (A, B, C, . . . .)(x, y) J , 



•-4 



is equal to unity. 



and that the determinant of the transformation 

1 

Hence every invariant in A , A lt A 2 , . . . . is equal to the corresponding 
invariant in A, B, C, .... , which proves the theorem in question. 

Bach of the invariantive elements A , A l7 A 2 , . . . . is, so to say, a recipro- 
cant relative to the one which immediately precedes it, just as in the cognate 
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theorem each of the capital letters A, B, G, . . . . was an invariant relative to 
its antecedent. It is in fact easily seen that 

VA =0, 

VA 1 = — A a 2 , 
VA 2 = — 2A ia 2 , 
VA 3 = — 3A % a\ 



and in general VA n = — nA n _ 1 a i . 

Thus, for example, if we operate with V on 

remembering that A, B, C, D are pure reciprocants, we shall find 

™.= -tK-<4)*+(}>K 

But 0-2(-L)B + (±yA = A, m iVb=2a'; 

so that VA 3 = — 3A 2 a 2 . 

In like manner, operating with V on 

A n = (A,B, C )(-4' 0"' 

we obtain ^ _ __» ( ^ B Q ^_ _^ ^-^ 

= — nA n _ 1 a i . 



This property enables us to give a proof (exactly similar to the proof of 
the cognate theorem in the preceding Lecture) of the theorem that every prin- 
cipiant is expressible as the product of an invariant in A , A lt A 2 , . . . . by a 
suitable power of a. We first observe that, using iV^to denote ac — b % , 

N> A , A lt A 2 , . . . . 

form a series of invariantive protomorphs of equal degree and weight. 

Hence it follows that any invariant of degree i and weight w can be 
expressed in the form 

a'-i^.io.A.i, ), 

and consequently that every Principiant can be expressed in this form, provided 
only that V® = . 
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Substituting for VA , YA X , VA it .... their values given above, and at the same 

time observing that 

VN= V(ac — tf) = bo?b — Aa'b = a?b, 

we find 7$ = a 2 (bd N - A d Al — 2A 1 d M - SA,d As -....) <S> = . 

Finally, we prove that <E> does not contain N, but is an invariant in A , A lt A z , . . . . 

alone, by operating with £l on 

(bd N - A d Al - 2A 1 d At - SA,d As -....) $ = 0, 

when it is easily seen that every term vanishes except the first, which gives 

£L (bd N <&) = £lbx d N <& — , 

where, D.b = a being different from zero, we must have d N Q = 0. 

The invariants N, A , A lt A 2 , . . . . obey a law of successive derivation 
similar to that which holds for the reciprocants M, A, B, G, . . . . 
Starting with N= ac — b 2 and operating continually with 

G' = a~ — (Si +2w)b = (4ac — bb 2 ) d b + (bad — 76c) d c + , 

Q.2G 

we shall find 



G'N = 


'■ &A , 




G'A = 


6 A lt 




G J A 1 = 


7-4,- 


-NA , 


G'A,= 


SA S - 


■ 2NA lf 


G'A 3 = 


9Ai — 


■ SNA 2 , 



and generally G'A n = (n +. 6) A n + l — nNA n _ x . 

These equations are exactly analogous to 

GM=bA, 
GA=6B, 
GB= 7G+MA, 
GG=8D+2MB, 
GD=dE+ SMC, 



in which M= ac — — b 2 , and GM, GA, GB, are the educts of M, A, B, 

obtained by operating with 

G = a -: (Si + w) b = 4 (ac — b 2 ) d h + 5 (ad — be) d c + . . . . 

It should be noticed that the two generators G and G' are connected by the 
relation G 1 = G — tvb , 

where iv is the weight of the operand. 
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Also, that 

Gb = 4 (ac — V) = AN, and G'b = Aac — 56 2 = AM. 
We may easily verify that 

G'N-- 5A,= 5 (aH—Zabc + 2b 3 ) 
by operating with G' = (Aac — 5b 2 ) d b -\- {bad — 7bc) d c on N= ac — b % . 
To prove that G'A = 6A lt 

we operate on A =A, 

for which the weight is 3 , with 

G'= G — Sb. 
Thus G'A =(G-Sb)A = 6B—8bA=6A 1 . 

For by definition A x = B — f— jA. 

In general, to find G'A n , we have by definition 

A n =(A,B,G )(_A,i)" 

and, since the weight of A n is n + 3 , 

G'A n =GA n -(n+S)bA n . 
Now, 

GA n =G(A,B, (7, ....)(- A, i)" 

= (GA, GB, (?(7,....)(-A, l) n —\{A,B, G, ....)(- A , l)"~G 
Substituting for (r^L, (25, GG, . . . . their known values, and remembering that 

<?& = 4i^and that (^,5, (7, ) (— A , lY _1 = A n _ lt we have 

(^=(65,7(7,81) )(_A,i)" 

+ if (0, ^, 25, 3(7, .. . .) (_ A, l)"_ 2nNA n _ 1 

= 6 (5, (7, d, ....)(- 4 - 0" + (0, ^ 2Z) ' 3 ^' ■•■•)(- y ' 0" 

+ if(0, A, 2B, 3(7, .. . .) (- A, ij_ 2n^ B _ 1 . 
But (0, (7, 2Z>, 35, ....)(- y, i)" 

~ \) +n{n-l)D(-\) 

n(n — l)(n — 2) „ / 6 \—« 

= n((7,Z),5,....)(-A i)-" 1 ; 
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and similarly 

(0, A, 2B, 3G, . . . .)(- T , l) =«(^, -B, C • • • -)(- T . l) = *4.-i- 

Hence 

/ ft \" / b \n—\ 

GA n = 6(B, G,D ) (- -, l) -f n(G, D, E, ....)(- T , l) 

+ n(Jf— 2tf)4,-i- 
Now let ^7=(^, 5, C )K y) B ; 

then ^- = n(A,B, G M*,*)— 1 , 

and ^l = n{B, G, D, ....)(u, vf' 1 ; 

whence it follows that 

(1) U={A,B, G, )(u, v) n = u(A,B, G, . . . ){u, vf' 1 

+ v(B, G,D, ){u, v)*- 1 . 

Similarly, we see that 

(2) ' {B, G,D, ....)(«, vf=u{B, G,D, ....)(«, vf' 1 

+ v(G,D,E,....)(u,vy-\ 

Writing u = ^- and v = 1 in the above equations, and remembering that 

(A,B, 0,...)(-\ t l)=A n , 
we obtain immediately from (1) 

{B, G, D, ....)(-{, lJ _1 = A+4^-i> 
and then (2) gives 

(G, D,E )(- A , l)""^ (A + i+ 4 ^) + t(^ + T" 4 "- 1 ) 

ft 3 

= -o-n + l + &-O.JJ + ~T~ As-1- 

But it has been shown that 

GA n =6(B, <?,£,. ...)(- ¥ , l)+n(C7,i), J E, ....)(- Y' V 

+ n(M—2N)A n _ 1 . 
Hence, by substitution, 

GA n = 6 (A n+1 + A 4.) + »(i, +1 +»i,+ ji,_ 1 ) + n(if- 2tf)4._ a 

= (n + 6) A +1 + (n + 3) 5J re + n (lT+ A _ 2#) 4,_ a . 
Now, 

= (n + 6) 4+i + n (M + A — 2iv) 4,_, 



-l! 
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6 s 5 b 2 

where M-\- — = ac — W + — =ac — b 2 =■ N. 

4 4 4 

Thus G'A n = {n 4- 6) A n+1 — nNA n _ lt 

which proves the law of successive derivation for the invariantive elements 
A , A lt A 2 , . . . . 

We now proceed to explain the method of transforming a Principiant, 

given in terms of the small letters a, b, c into one expressed in terms 

of a, A, B, G, . . . . 

Remembering that the expressions for 

A, B, G,D, E, 

have for their most advanced small letters 

d, e , f, g , h , . . . . , 

and that, in each capital letter, the most advanced letter occurs only in the first 
degree, multiplied by a power of a, it follows, as an immediate consequence, 
that we may, by continually substituting for the most advanced letter, eliminate 
d, e,f, g, h from any rational integral function 

<p(a, b, c, d, e,f, g, h, . . . .) 

and thus transform it into another function whose arguments are 

a, b, c, A, B, G, D, E 

and which is rational in all its arguments, and integral in all of them, with the 
possible exception of the first argument, a. 

But (see Lecture XXVIII) the result of this elimination is known to be 

a l - w <&{A, B, G,D,E, ) 

in the case where $ is a Principiant of known degree i and weight w. Hence 
b and c must disappear spontaneously during the process of elimination. 

This being so, we can give b and c any arbitrary values, without thereby 
affecting the result, and it will greatly simplify the work to take 6=0 and c = . 

It is also permissible to take a = 1 ; for, although the factor cj~ w is thereby 
lost, it can always be restored in the final result because both i and w are known 

* The establishment of the scale of relation between the terms of the A , At , A 2 , . . . . series and 
the above proof of it is due exclusively to Mr. Hammond. J. J. S. 
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numbers. Now, if we write a = 1 , b = , c = in the known expressions for 

A, B, G, D, . , . . , we shall find 

A=-d, 

B — e, 

C=f, 

E=h _- de , 



Hence we have to eliminate d, e, f, g, h, . . . . between the above equations and 

P = 4>(1, 0, 0, d, e,f, g,h, ), 

where P stands for the given Principiant. In other words, we have to substi- 
tute for 

a, b, c, d, e, f, g , h , . . . . 

1, 0, 0, A, B, C, D + ^A\ E+-AB,.... 
in P = <p(a, b, c, d, e , f, g, h, . . . .)• 

The result of this substitution will be 

P = <P(A,B, 0,D,E,....), 
where, to compensate for the factor lost by taking a = 1 , we must multiply <£ 
by a i ~ w . As an easy example, consider the Principiant which Halphen calls A, 
and for which he obtains the expression 

b c d e 
d 
2bc 



a 

— a? 







b 

a? 




c 

V 

lab 2ac + b 2 



a" 



Sab 



f 
e 

2bd + c 2 

2ad + 2bc 

3b 2 + 3ac 



Here the degree i = 8 and the weight w = 8 ; so that i — w = , and no factor 
has to be restored. On making the substitutions spoken of, the determinant 



becomes 




1 
1 









1 





A 





1 



B 

A 







G 
B 



2A 





which immediately reduces to AG — B 2 by striking out the first three columns 
and the last three rows. 

Of this Principiant we shall have more to say hereafter. 
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LECTURE XXX. 

The method of substituting large letters for small ones will be better under- 
stood if we employ it to obtain an expression of the form 

a l -^(M, A, B, G,.B,E, ) 

for any pure reciprocant 

<p(a, b, c, d, e,f, g, h, . . . .) 

of known degree i and weight w in the small letters. 

The transformation is effected by substituting in q> for c, d, e, f, g , h, . . . . 

their values (which are perfectly definite) in terms of a , b, M, A, B, G , D, E, .... 

But since b does not appear in the final result, we are at liberty to give it any 

arbitrary value, and it will be convenient to take b = Q, for then (see Lecture 

XXVIII) we have 

M=ac, 

A = a?d, 

B = a 3 e—2a?c 2 , 

C= a 4 / — 5a 3 cd, 

OK 

D = a?g — ~ aW — Ga 4 ce + 7aV , 
E=a%—~ a?de — 7a 5 c/+ 29aVd, 



There is an additional advantage in taking b = , viz. that then the values 
of the invariants N, A , A lt A % , . . . . (see their definition at the beginning of 
Lecture XXIX) exactly coincide with those of the reciprocants M, A, B, 0, . . . . 
set forth above. Hence, merely interchanging the capital letters, the same sub- 
stitutions enable us to express any invariant in terms of a, N, A , A x , . . . . , as 
well as any reciprocant in terms of a, M, A, B, . . . . 

The solution of the above equations will give — , — , — , .... in terms of 

a a a 

M A B 
— g- , — g- , — j- ,....; but we can, without loss of generality, put a = 1 , when we 

shall find a = 1 , 

5 = 0, 
c =M, 
d = A, 

e —B+2M\ 
f— C+5MA, 

OK 

g = D + -=- A % + 6MB + hM\ 
h = E+ -^-AB+7MC-{-6MA\ 
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The substitution of these values in the pure reciprocant 

$(a, b, c, d, e,f, g, h, . . . .) 
will convert it into 

*(if, A,B, G,D,E,....). 

We have written a = 1 for the sake of simplicity ; but without doing this we 
have, since 4» is homogeneous of degree i, 

*' °' T> "7T' T' • • • •)• 
Uj a a / 

c d e M A I> 

Hence, substituting for — , — ,—,.... in terms of — r , — g- , — r , . . . . , 

-i \ ,-^ / M A B \ 

<?>(«, 0, c, d,e, ) = a t <P^-^ r , -j , -^ , . . . .) ; 

or, since M, A, B, . . . . are of weights 2,3,4,...., and <J> is of weight w, 
tp(a, 0, c, d,e, . . . .) = a i - w ^?{M, A, B, . . . .). 

Thus, in consequence of writing a= 1, the factor a* - ** has been lost; but this 
factor can always be restored, both i and w being known numbers. 



When ty is a Principiant, M will not appear in the final result, which will be 
identical with that obtained by the simpler substitutions of the preceding Lecture. 
If, for example, we substitute for 

a, b, c, d, e , / , 

1, 0, M, A, B+2M*, C+5MA, 
instead of 1, 0, 0, A, B , G 

in the determinant expression for Halphen's A, previously given, it becomes 

M A B+2M* C + hMA 

10 MA B+ 2M 2 

— 1 M 2 

10 2J/ 2J. 

10 ZM 

Subtracting the 4 th row multiplied by M from the first, the determinant reduces to 






A 


B 


C+3MA 


1 


M 


A 


B+ 2M % 


1 








3P 





1 





3M 
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Again, subtracting the 2 a column multiplied by 3if from the last, and reducing, 
the determinant becomes 

0, B, G 

1, A, B — M % = AG—B*, 
-l, 0, M* 

where if disappears, as it ought to do, because A is a Principiant. 

In what follows we shall have frequent occasion to make use of the fact that 

j p 
if R a is an absolute pure reciprocant, — j— ^- , which we know is a pure recipro- 
cate 

cant, is also ah absolute one. 

This is very easily proved. For let R be any pure reciprocant, of degree i 

and weight w, which becomes R a when made absolute by division by a power of 

a, then n R , „. . 

' R a = — ^ i where (i = 3^ + to , 

a T 
and, using Q as usual to denote the generator for pure reciprocants, 

dR a _ GR 

dx ~ a |+r 

Hence dR " - GR 



which is an absolute pure reciprocant because GR, which is of degree i + 1 and 

weight w -j- 1 , must be divided by a 3 in order to make it absolute. Thus, if 
M a , A a , B a , G a , . . . . are what 31, A, B, G; . . . . become when each of them is 
made absolute by division by a power of a, we have 

a-i-^B a = 7G a + M a A a , 



We shall use these results in deducing the complete primitive of the differ- 
ential equation AG — B 2 = 

from that of the equation in pure reciprocants, 

25 J 2 — 16 J/ 3 =0. 
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This equation may be written in the form 

whence, by differentiation, we obtain 

which gives 50 A a . QB a = 48 if 2 . 5A a ; 

i. e. 5B a = AMI 

Differentiating this result, we find 

5{lG a + M a A a ) = 40M a A a ; 
which gives G a = M a A a . 

We now restore the non-absolute reciprocants M, A, B, G; i. e. we write 

55 = 4^ and G = MA. 

Hence 25 (AG— B*) = M(25A* — 16M 3 ) = (because 25 A 2 — 16if 3 ). 

Now, the equation AG — B* = remains unaltered by any homographic 
substitution, so that it will be satisfied not only by any solution of the equation 
in pure reciprocants 25J. 2 — 16if 3 = 0, but also by any homographic transforma- 
tion of such solution. But it has been shown (in Lecture XIII, American Journal 
of Mathematics, Vol. IX, p. 16) that the complete primitive of 25 J. 2 — 16M 3 = 
is a linear transformation of y = x A , where X 2 — /I + 1 = (i. e. where 2, is a cube 
root of negative unity). 

Consequently any homographic transformation of y = a A is a solution of 

AG— B* = 0. 

Moreover, this is its complete primitive; for the highest letter, /, which 

occurs in AG — B z , corresponds to the seventh order of differentiation, and if we 

write _ Y _ X 

y — z , x — z , 

where X, Y, Z are general linear functions ofx,y, 1 (i. e. if we make the most 
general homographic substitution), y = x x becomes Y= X x Z l ~ K , which will be 
found to contain exactly 7 independent arbitrary constants. Thus the complete 
primitive of AG — B 2 = is F= X x Z l ~ x , where X, Y, Z are general linear 
functions of x, y, 1, and /I is a cube root of negative unity. 

Observe that although any solution of M = also makes A, B, G, .... all 
vanish, and so satisfies AG — B 2 = 0, we cannot from this infer that a homo- 
graphic transformation of the parabola y=-x i will be the complete primitive of 
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AG — £ 2 = 0. For, though YZ=X* is a solution of AG — .B 2 =0, it only 
contains 5 independent arbitrary constants, and therefore cannot be its complete 
primitive. Neither can YZ—X 2 be obtained from the complete primitive by 
giving special values to the arbitrary constants. Hence YZ = X % is a singular 
solution of A G — B* = . 

We may also deduce the differential equation of the curve F= X K Z 1 ~ X , 
where 2, has a general value, from the corresponding equation in pure recipro- 
cals, 25 (2^ 2 — 6JI + 2) J. 2 + 1 6 (3, + l) 2 Jf 3 = , 

which has- (see American Journal of Mathematics, Vol. IX, p. 14) for its complete 
primitive any linear transformation of the general parabola y = x\ 
Writing for shortness 

2^ 2 — 5A, + 2 = p and (A, + l) 2 = q, 

and at the same time making both A and M absolute, the above equation 

becomes 25pJ. 2 + IQqM* = . 

Hence, by differentiation, we obtain 

bOpA a . 6B a + 48qM*.5A a = , 

which gives 5pB a + 4qM„ = . 

After a second differentiation we find 

hp (7 G a + M a A a ) + 40qM a A a = ; 

i- e. Ip G a + (p + 8q) M a A a = . 

We now replace the absolute reciprocals M a , A a , B a , G a by M, A, B, G, 

and thus write the original equation and its two differentials in the form 

25pA 2 = — 16qM 3 , 

5pB = — 4qM\ 

7pG= — (p + 8q)MA. 
Hence we find 

5\7. tf (AC— B*) = — 26p (p + 8q) MA 2 — IQ.ItfM* 

= 16q (p -\- q) M\ 

5 6 . 7 3 .j) 6 (AG— B*f = 16 V (p + qfM™, 

syjL 8 = i6yjf 12 , 

and, eliminating if from the two last equations, 

2 4 . n\p\ (AG— B*) 3 =5 2 (p + q) 3 A 8 . 
Now restoring p = 22? — 5A + 2 = (X — 2)(2A, — 1) 

and 2 = (a + l) 2 , 

we have ^ + q= 3 (A 2 — A + 1); 
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so that the final equation becomes 

2*. 7 3 (a + l)\k — 2) 2 (2A — If (A G — E 2 ) 3 = 3 3 . 5 2 (tf — 2, + l) 8 ^ 8 . 
The same reasoning as before will show that, for a general value of X , the com- 
plete primitive of this equation is the general homographic transformation 
F= X x Z l ~ K of the curve y = x\ 

There is, however, a special exceptional case in which the differential 
equation becomes 2 6 . 7 s (AG — B 2 ) 3 = 3 3 . 5 2 A 8 , 

the corresponding value of the parameter A being either , 1 or oo , as may be 
seen by solving the equation 

(X + 1) 2 (A — 2) 2 (2^ — l) 2 = 4 (1? — % + l) 3 . 
In the case where % = or oo we can, in the same manner as before, show 
that the complete primitive is a homographic transformation of the curve y = e* 
by deducing the differential equation from the corresponding equation in pure 
reciprocal! ts, 25 J. 2 + SM 3 = , 

whose complete primitive is (see Lecture XIII) a linear transformation of y = e x . 
When % = 1 the corresponding equation in pure reciprocants is 

25^ 2 — 64if 3 =0, 
whose complete primitive may be shown to be a linear transformation of 
y = x log a;. The reason why these two distinct equations in pure reciprocants 
lead to the same equation in principiants is that the two curves y = e* and 
y = x log x are homographically equivalent but not linearly transformable into 

x 
one another. For we may write the equation y = x log a; in the form x = e x , 

which is a homographic transformation of y = e x . 

Besides the special case just considered, in which the complete primitive 

Y -? 

of the equation in Principiants is -y = e x , we may notice that in which the 

parameter "k is either — 1 , 2, or — , the differential equation reducing to A = 

simply, and its complete primitive Y= X K Z 1 ~ k being the equation to a conic, 
as it should be. The case where 7? — "k + 1 = and the differential equation 
reduces to AG — B 2 = has been considered already. There remains the case 
in which X = 3 , when the complete primitive becomes YZ 2 = X 3 (the equation 
of the general cuspidal cubic) and the differential equation assumes the simple 
form / AC— B 3 \ 3 _ /A\* 

\ 3" J ~ VYJ ' 

which is therefore the differential equation of cuspidal cubics. 
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We shall hereafter show that in this case the Principiant 

2 s (AG— BJ — 3 s A 8 , 

which is apparently of the 24 th degree, loses a factor a 4 and so sinks to the 20 th 
degree. It is, however, generally difficult to determine the power of a contained 
as a factor in a Principiant given in terms of the large letters. 

The results obtained in the present Lecture agree with those of M. Halphen 
contained in his These sur les Invariants differentiels (Paris, Gauthier-Villars, 
1878), which contains a complete investigation of the properties of the Prin- 
cipiant AG — B 2 , which he calls A. But our point of view is different from his. 
He obtains A in the form of a determinant from geometrical considerations. With 
him A = is the differential equation which expresses the condition that, at a 
point x, yon any curve, a nodal cubic shall exist, having its node at x, y, and 
such that one of its branches shall have 8 -point contact with the curve at that 
point. With us AG — B* is the simplest example, after the Mongian A, of an 
invariant in the capital letters A, B, G, . . . . 



LECTURE XXXI. 



We may include 2, among the arbitrary constants in the primitive equation 
Y= X^Z X ~ X , which can also be written in the form 

A logX— logF + (1 — X) \ogZ=0, 
or (X, Y, Z being general linear function of x, y, 1) in the equivalent form 
% log (y + ax + /3) — log (y + a'x + /?') + (1 — X) log (y + d'x + /3") = const., 
which evidently contains 8 independent arbitrary constants. 

One of these will be made to disappear by differentiation, and thus we shall 
obtain a differential equation of the first order, containing 7 arbitrary constants, 
identical (when the constants are rearranged) with 

(y — xt)(lx + my) + t {Tx + m'y + n') + l"x + m"y + n" — , 

which is known as Jacobi's Equation. 

For, by differentiating the primitive equation, we obtain 
% (t + a)(y + ax + /J)" 1 - (t + a')(y + a'x + £') -1 

. + (1 - X){t + a")(y + a"x + /3")" 1 = , 
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which, when cleared of negative indices by multiplication, becomes 
% {y + a'x + (3') I (y + a"x + (3")(t + a) - (y + ax + (3)(t + a") \ 

+ (y + ax + (3){(y + a'x + /?')(* + «") - fo + «"» + 0")(< + a')f = 0. 
Writing this equation in the equivalent form 

X (y + o'oj + (3') \ (a - a"){y - xt) + (0" -/?)* + (a/3" - a"£) } 

+ (y + aa + /?) \ (a" - a')(y - xt) + (/3' - /3") t + (a"/?' - a'/3") } = , 

it is easily seen to be identical with Jacobi's equation given above. 

The seven arbitrary constants which occur in Jacobi's equation are the 
mutual ratios of the eight coefficients I, m, I', m', n', I", rn", n", any one of which 
may have an arbitrarily chosen value assigned to it. 

Taking rn = — 1 , the equation may be written in the form 
Pt + Ixy — if+ T'x + m"y + n" = 0, 
where P = l'x-+ m'y -4- n' — la? 4- xy. 

In order to eliminate n" and I", we differentiate the above equation twice. 

The first differentiation gives 

2aP + t(P' + lx— 2y + m") 4- ly + I" = 0, 

dP 
where P ■=.-—■=. I' -\- m't — 2lx -\- y -\- xt , and the second differentiation gives 

GbP + 2a (2P 4- Ix — 2y + on") + t (P" + 2l—2t) = Q. 

dP' „ / , 
-— = 2a (m! 
ax v 

above equation becomes 

3bP + aQ = 0, (1) 

where Q = 2P' + Ix — 2y + m" + m'£ + xt 

= 2T + Sm't — Six + Sxt + m". 

Differentiating (1) we have 

12cP + 3bP' + 3bQ + aQ' = 0, 
where Q' = 3 (/ — £) + 6a (x + m') = SB + Ba^, suppose. 

Thus we have AcP + &P + bQ + aR + 2a?S = . (2) 

Differentiating this 4 times in succession, and at each step substituting for 

P" , Q' , B>, S>, 

their values 2R + 2aS, SR + 6aS, 2a, 1 , 

we obtain 4 more equations, from which, combined with the 2 previously 

obtained, we can eliminate 

P, P, Q, R, S. 



dP' 
Now, P" = -.— = 2a (w' + a;) + 2 (if — Z) ; so that, on substituting this value, the 
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= 0, 



Thus, differentiating (2), we find 

20dP + 8cP' +b(2B+ 2a8) + 4cQ + 6 (SB + 6a8) 
+ SbB + 2a? + 12ab8 + 2a 2 = 0; 
i. e. 5dP + 2cP + cQ + 2bB + babS + a? = , (3) 

and continuing the same process, 

6eP + UP + dQ + ScB + (Bore + 36 2 ) # + 3a6 = 0, (4) 

7/P + AeP + eQ + 4<IR + (7ac? + 7&c) 8 + (4ac + 26 2 ) = , (5) 

8gP + 5/P +/Q + Sei? + (8ae + 8bd + 4c 2 ) ^ + (5ad + 5&c) = . (6) 

The result of elimination is 



2a 2 

5ab a? 

6ac + 36 2 Sab 

Tad + 76c 4ac + 26 2 

8«e + 8bd + 4c 2 had + 56c 

where the determinant equated to zero is a Principiant. 

In his These sur les Invariants differentiels, p. 42, M. Halphen states that 
this equation can be found by eliminating the constants from Jacobi's equation, 
but he does not set out the work. When in the above determinant twice the 3 d 
column is added to the second, it becomes exactly identical with the one given 
by Halphen, which be calls T. 

We proceed to express the above result in terms of the capital letters, using 
the method explained in Lecture XXIX, and observing that the determinant is 
of degree 8 and of weight 1 2 ; so that in this case i — w~ 8 — 12 = — 4, show- 
ing that the final result has to be multiplied by a~ i . 

Substituting in the determinant for 



36 





a 





4c 


6 


6 


a 


bd 


2c 


c 


26 


6e 


3d 


d 


3c 


7/ 


4e 


e 


Ad 


8g 


5/ 


f 


be 







a 


6 


c d 


e 


f 


9 










1 





A 


B 


G 


D + 


25 AH 




it becomes 












1 






























1 


2 







bA 




















1 




6B 






SA 


A 















7(7 






AB 


B 




4A 


1A 







8D + 2bA 


i 


bC 


C 




bB 


8B 


bA 



342 



Sylvester : Lectures on the Theory of Reciprocants. 



Subtracting the last column multiplied by hA from the first, and the 4 th 
column multiplied by 2 from the 5 th , and then striking out rows and columns, 
we obtain 









6B 

1G 

82? 





6B 

1G 

82? 



QB 
7(7 
82? 









ZA 

AB 

5G 




SA 
AB 

5(7 



1 



A 
B 

G 

1 



aA 

SB 





1 




AA 
5B 








— A 

— 2B 






1 



5A 









A 

2B 




1 


&A 





3A 

AB 

5G 






1 


1 




A 








2B 


5A 





QB SA 
76 Y AB A 
82? 5(7 2B 



— 24 (AW — 3AB G + 2B 3 ) . 

If, using Halphen's notation, we call the principiant now under considera- 
tion T, what we have proved is that 

T= 24a- 4 (A % D — 3ABG + 2B 3 ) , 

and consequently that A 2 D — ZABG + 2B 3 is divisible by a 4 . 

The differential equation T— corresponds, as we have seen, to the com- 
plete primitive Y— X x Z l ~ x , in which "k is counted as one of the arbitrary 
constants. 

This result may be otherwise obtained. For we have shown in the pre- 
ceding Lecture that the differential equation of the seventh order, from which 
all the arbitrary constants except \ have disappeared, has the form 

(AG — B?f= K A\ 
where x depends solely on % . 

"Writing this equation in the form 

(4(7- 2^U-* = const,, 
and differentiating with respect to a?, we remove the remaining arbitrary con- 
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stant, and thus obtain the differential equation of the 8 th order free from all 
arbitrary constants, a result which, to a factor pres, must coincide with 

T=0. 

We proceed to show how this differentiation may be performed without 
introducing any of the small letters. In the first place, it is clear that since 
G=4(ac — tf) d b + 5 (ad — bc)d c +6(ae — bd)d d + 

does not contain 3 tt and is linear in the other differential reciprocals d b , d c , 

Ga e <P(A, B, 0, ... .) = a"G<S>(A, B, G, ) 

And since we have GA = 6B, 

GB= 7C+MA, 
GG=8D+ 2MB, 



it follows immediately that 

Ga e <& {A, B, G, ) = a* (6Bd A + 7Cd B + 8Dd + ) 3> 

+ a 9 M {Ad B + 2Bd a + 2-Cdn + ) $• 

This is true for any function of the capital letters, whatever its nature may 

be ; but when $ is a principiant, it is also an invariant in the large letters ; so that 

in this case we have 

(Ad B + 2B3 + 3(73^,+ ) 3> = 

and Ga e <S> = a" (6Bd A + 7 Cd B + SDd + ) <&. 

Now, the operation of G on a function of degree i and weight w is equivalent to 
that of a — — (3i + w) b , or to that of a -r- , when both i = and w = (which 
happens in the case of a plenarily absolute form). Hence, if we suppose <E» to 
be a plenarily absolute principiant, (7$ is also a principiant, though not a plena- 
rily absolute one. • 

For a is a principiant, and -r— is a principiant; therefore ay— or G<P is one 
also.* Thus QBd A + 7 Cd B + »Dd a + , 

*See the concluding paragraph of Lecture XXV, where it was shown that P, being a principiant 

dP dP 

(of degree i and weight w) , a -gr — (Si + w) bP is a reciprocant, and a -g- — (Si + 2w) bP an invariant. 

This proves, what we omitted to mention there, that P being a zero-weight principiant, 

(?P= ( a -z Sib ) P is a principiant. 

It may here be remarked that a principiant of degree i and of zero weight is equal to the corre- 
sponding plenarily absolute principiant (which is a function of the large letters only) multiplied by the 
factor a 1 , on which the operator G does not act. 
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acting on any plenarily absolute principiant, generates another principiant, but 
not a plenarily absolute one. 

We now resume the consideration of the equation 

(AG — 5 2 )J-*= const. 
Differentiating and multiplying by a, we have 

*£{W-*)A-*}=0. 

Hence, by what precedes, 

(<oBd A + 7Cd B + 8Dd ){(AC—B>) A~*\ = 0; 
or, using to denote the operator, 

6Bd A +7Cdj, + ZDd +...., 

A-° G(AC—B*)—^- A' 1 * 1 - (AG — B 2 ) QA — ; 

or, observing that QA = GB, 

A® (AG— B*) — UB (AG — B*) = 0. 
This gives A(6BG— 145(7+ 8AD) — UB (AG — B 2 ) — 0; 

or finally A % D — ZAB C+2B S = 0. 

We may find a generator for principiants expressed in terms of the large 
letters similar to the expression for the reciprocant generator G in terms of the 
small letters. For let P be any principiant, of weight w, which, when reduced 

w w 

to zero weight by division by A r , becomes PA T ; then 

(pJ~ f ) 
is a principiant. But 

(PA~^ ) = JT^ -1 (AS — 2wB) P, 

<«_ . 

where, remembering that A 3 is a principiant, (J.0 — %wB) P is one also. 

Now, the weights of A, B, G, D, . . . . 

being 3, 4 , 5, 6,...., 

we may write 

w = 2,Ad A + ABd B + bGd c + &Dd D + 

and consequently 

J.0 — 2wB = A (6Bd A + 7 Gd B + 8Dd c + §Ed D + ) 

— 2B (ZA3 A + ABd B + 5 Gd c + QDdj, + ) 

= (7 AC — 8B i )d B + (8AD — 10BG) d + ($AE— 12BD) dj, + ...., 

which is the generator in question. 
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As an easy example of its use, suppose it to operate on AG — 5 2 ; then 
{(1AG — 85 2 ) d B + (SAD — 1050) d \(AO— 5 3 ) 
= — 2B(lAG — SB 2 ) + A (SAD — 1050) 
= 8 (A 2 D — ZABG + 2B 3 ) . 

The generator just obtained, 

(7 AG— SB 2 )d £ + (SAD— 10BG)d o + (9AE — 12BD)3 I> + , 

is a linear combination of Cayley's two generators (given in Lecture IV, Vol. 
VIII, p. 222 of this Journal), which, when we write A, B, G, . . . . instead of 
the corresponding small letters, become 

(AG — 5 3 ) d B + (AD — BG) d a + (AE— BD)d D + 

and (AG — 25 2 ) d B + (2AD — 450) d c + (SAE — 6BD) d B .+ 

Thus we shall obtain the principiant generator by adding the second of Cayley's 
generators to six times the first. Either of Cayley's generators acting on a 
principiant would of course give an invariant in the large letters (i. e. a prin- 
cipiant), but the combination we have used has special relation to the theory of 
the generation of principiants by differentiation. 



LECTURE XXXII. . 

I will now pass on to the consideration of the Principiant which, when 
equated to zero, gives the Differential Equation to the most general Algebraic 
Curve of any order. 

The Differential Equation to a Conic (see the reference given on p. 18, Vol. 
IX of this Journal) was obtained by Monge in the first decade of this century. 
This was followed by the determination, in 1868, by Mr. Samuel Roberts, of the 
Differential Equation to the general Cubic (see Vol. X, p. 47 of Mathematical 
Questions and Solutions from the Educational Times). I do not consider that 
any substantial advance was made upon this by Mr. Muir, in the Philosophical 
Magazine for February, 1886, except that he sets out explicitly the quantities to 
be eliminated in obtaining the final result. These may of course be collected 
from the processes indicated by Mr. Roberts, but are not set forth by him. In 
speaking of the history of this part of the subject, I pass over M. Halphen's 

VOL. IX. 
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process for obtaining the Differential Equation to a Conic. . It is very ingen- 
ious, like everything that proceeds from his pen, but, being founded on the 
solution of a quadratic equation, does not admit of being extended to forms of 
a higher degree, and consequently, viewed in the light of subsequent experience, 
must be regarded as faulty in point of method. 

Let the Differential Equation to a curve of any order, when written in its 
simplest form, containing no extraneous factor, be # = 0. It is convenient to 
give x a single name ; I call it the Criterion. The integral of the Criterion to 
a curve of order n must contain as many arbitrary constants as there are ratios 
between the coefficients of a curve of the n th order. The number of these 

ratios being — 1 , the order of the Criterion ought to be — = — . 

It must be independent of Perspective Projection, because projection does 
not affect the order of a curve. Hence it is a Principiant, and as such ought 
not (when y is regarded as the dependent and x as the independent variable) to 

contain either x, y or -~- (see Lecture XXIV, American Journal of Mathematics, 

Vol. IX, p. 155). 

Let Z7= be an algebraical equation of the n th order between x, y. I 
write symbolically 17= (p + qx + y)" = u n , 

where the different powers and products of p, q, 1- which occur in the expan- 
sion of u n are considered as representing the different coefficients in U; so that, 
ex. gr., if n = 3 the coefficients of 

y 3 , 3y 2 x, Sy 2 , 3yx 2 , 6yx, Sy, x s , 3a; 2 , 3a;, 1 
are represented by 

1, q , p, q 2 , pq, p 2 , q 3 , pq 2 , p 2 q, p 3 . 

The number of terms in U is 

1+2 + 3 + ..,. + („ + I) = "' + 1 > 2 "' + 2 > . 
The number of these containing y is 

1 + a + 3 + ....+„ = ^±l>. 

To obtain the Differential Equation we equate to zero the Differential 

Derivatives of U of all orders from n + 1 to — -^ — inclusive, and from the 



~J~ equations thus formed eliminate the 7" coefficients of the terms in U 
containing y. 
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All the coefficients of pure powers of x will obviously disappear under 
differentiation ; for no power of x higher than x n occurs in U, and no differen- 
tial derivative of U of lower order than n + 1 is taken. 

u, 2 _|_ 3n 
We thus find a differential equation of the order — ^ — , free from all the 

— coefficients of U. This equation might conceivably contain x, y and 

all the successive differential derivatives of y with respect to x . But we know 

dv 
a priori that it ought not to contain either x, y or -— ; and in fact we shall be 

dv 
able so to conduct the elimination that x, y and ~ appear only in the quanti- 
ties to be eliminated and not in the final result. 

Treating u=p + qx + y as an ordinary algebraical quantity, we have, by 
Taylor's theorem, 

1 d r u n / A. 3 h s \ n 

1.2.3...., * 17 = C °- *' in r + Ul h+ "» TT2 + U * rSL8 + * * * 7 ' 

where u lt u%, u 3 are the successive differential derivatives of u with respect 

to x. And this result will remain true when for u n we write U, meaning 

thereby that . —- r will be the quantitative interpretation of the func- 
tion of «, «!, a, which multiplies h r in the expansion of 

/ h 2 \ n 

[u + uji + u, — + J , 

subject to the condition that this function shall be linear in the coefficients of Z7. 
This condition can be fulfilled in only one way, so that there is no ambiguity in 
such interpretation. Hence the equations obtained by equating to zero the suc- 
cessive differential derivatives of TJ of all orders from to + 1 to — ^ — inclusive 
may be written under the form 

co. h r in [u + uji + « 2 y~2 + u s j-2~3 + ••••) = ° > 
where r = to + 1 , to + 2, to + 3 , . . . . — ^ — . 

Now, using 2/ x , y%, y 3 , . . . . to denote the successive differential derivatives of 2/ 
with respect to a;, we have 

u i = 9. + yit «2 = 2/a, «s = 2/3, 
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and, in general, u t = y t when i is any positive integer greater than 1 . Thus 

/ A. 2 h s \" 

co. h T in [u + u x h + y t ^ + y s j-^73 + • • • -J = °5 

or, employing the usual modified derivatives a, b, c, . . . . , 

co. A r in (u + V* + ah 2 + M 3 + cA 4 + . • . .) re = . 

Writing now Q = ah % + hh 3 + ch* + . . . . , 

and expanding (u + uji + <2)" in ascending powers of Q , we have 

co. hr in J (w + ujif + n (« + V*)"" 1 § + w( ^~ 1} (« + MiA)"" 2 g 2 + 1 = 0, 

where, remembering that r>», the value of co. h r in (it + t^A)" is zero; so that, 
omitting this term, we may write 

co. hT in \n{u + uJif-"Q + n ^ n ^{u + Ul hf- i Q"+ . . . . + £"} =0. 

The quantities to be eliminated will now be combinations of the various powers of 
u, u x and 1. Their number will be the same as that of the terms in (u, u lt l) n ~\ 

7h I 7h 

which is — ^r— , the same number as that of the equations between which the 

elimination is to be performed. 

We now use (m.\x) to denote the coefficient of h m in Q 1 (which, since 

Q z=a h* + bh* + ch i + , 

will be independent of the combinations of u and u x to be eliminated) , and in 

71 - 1 " 71 

writing out the — 2— equations which result from making the coefficients of 

r& -f- 3n 

h n+1 , h n+ '*, h * in 

n (u + uJif-^Q + ^=^ (u + uJiY-*Q* + .... + Q n 

vanish, we arrange their terms according to ascending values of m and p. Thus, 
making the coefficient of h n+1 vanish, we find 

nut' 1 (2.1) + n(n— l)«J- B w(3.1) + ^=i } ^-»(3.2) + . . . . +(»+l.n)= 0, 

and similarly, making the coefficient of h n+% vanish, 

nu\- x (3 . 1 ) + n (n — 1 ) u\ ~ *u (4 . 1 ) + "fr - " 1 ) y»- » (4 . 2) + . . . . + (n -f 2 .n) = . 

So in general the equation obtained by making the coefficient of h n+ K vanish 
consists of a series of numerical multiples (which are independent of the value 
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of x) of u\ V v ($ + x, ?]) where yj has all values from 1 to 6 inclusive, and d 
all values from 1 to n inclusive. Hence, by elimination, we find 



(2.1) 
(3.1) 
(4.1) 
(5.1) 
(6.1) 
(7.1) 
(8.1) 
(9.1) 
(10.1) 
(11.1) 



(3. 

(4- 
(5. 

(6. 

(7- 
(8. 
(9. 

(10. 

(11. 

(12. 



1) 
1) 
1) 
1) 
1) 
1) 
1) 
1) 
1) 
1) 



(3.2) 

(4.2) 

(5.2) 

(6.2) 

(7.2) 

(8.2) 

(9.2) 

(10.2) 

(11.2) 

(12.2) 



(4-1) 

(5.1) 

(6.1) 

(7.1) 

(8.1) 

(9.1) 

(10.1) 

(11.1) 

(12.1) 

(13.1) 



(4.2) 

(5.2) 

(6.2) 

(7.2) 

(8.2) 

(9.2) 

(10.2) 

(11.2) 

(12.2) 

(.13.2) 



(4.3) 

(5.3) 

(6.3) 

(7.3) 

(8.3) 

(9.3) 

(10.3) 

(11.3) 

(12.3) 

(13.3) 



(5.1) 

(6.1) 

(7.1) 

(8.1) 

(9.1) 

(10.1) 

(11.1) 

(12.1) 

(13.1) 

(14.1) 



(5.2) 

(6.2) 

(7.2) 

(8.2) 

(9.2) 

(10.2) 

(11.2) 

(12.2) 

(13.2) 

(14.2) 



(5.3) 

(6.3) 

(7.3) 

(8.3) 

(9.3) 

(10.3) 

(11.3) 

(12.3) 

(13.3) 

(14.3) 



(5.4) 

(6.4) 

(7.4) 

(8.4) 

(9.4) 

(10.4) 

(11.4) 

(12.4) 

(13.4) 

(14.4) 



= 0, 



where the determinant on the left-hand side, consisting of — ^— rows and 

columns, is the Criterion of the curve of the n m order. 

Thus in the case of the Cubic Criterion, which we shall specially consider, 
we have n= 3, and the elimination of Su\, 6ujU, 3u lt 3m 2 , 3u and 1 between 
the six equations 

3m?(2.1) + 6u 1 u(3.l) + 3^(3.2) + 3m 2 (4.1) + 3m(4. 2) + (4.3) = 0, 
3m 2 . (3.1) + 6^(4.1) + 3^(4.2) + 3m 2 (5.1) + 3m (5. 2) + (5.3) = 0, 
3u\ (4.1) + 6m x m (5.1) + 3% (5.2) + 3m 2 (6 . 1) + 3m (6 . 2) + (6 . 3) = , 
3m 2 . (5.1) + 6^m (6.1) + 3i h (6.2) + 3m 2 (7. 1) + 3m (7. 2) + (7.3) = 0, 
3«J (6.1) + 6w x m(7.1) + 3^(7.2) + 3m 2 (8 . 1) + 3m (8. 2) + (8.3) = 0, 
3u\ (7.1) + 6mjM (8 . 1) + 3^^ 1 (8 . 2) + 3u 2 (9.1) + 3m (9 . 2) + (9 .3) = 0, 

gives the Cubic Criterion in the form of the determinant 



Remembering that 



(2.1) 
(3.1) 
(4.1) 
(5.1) 
(6.1) 
(7.1) 



(3.1) 
(4.1) 
(5.1) 
(6.1) 
(7.1) 
(8.1) 



(3.2) 
(4.2) 
(5.2) 
(6.2) 
(7.2) 
(8.2) 



(4.1) 
(5.1) 
(6.1) 
(7.1) 
(8.1) 
(9.1) 



(4.2) 
(5.2) 
(6.2) 
(7.2) 
(8.2) 
(9.2) 



(4.3) 
(5.3) 
(6.3) 
(7.3) 
(8.3) 
(9.3) 



(m.p) = co. h m in (ah 2 + bh s + ch* + )", 

it is easy to express the Criterion explicitly in terms of a, b, c, ... . 
Thus, since 

(ah 2 + bh 3 + ch* + ) 2 = a»A« + 2abW + (2ac + b 2 ) h« + (2ad + 2bc) W 

+ (2ae + 2bd + c 2 ) h* + (2a/ + 2be + 2cd) h 9 + 
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and 

(ah 2 + bh 3 +ch i + ) 3 = a 3 h« + 3a*bh 7 + (Sa 2 c + Sab 2 ) ¥ 

+ (5a 2 d + 6abc + b 3 )h? + . . . 

the Cubic Criterion may be written in the form 

a b c a? 

b c a 2 d lab 

c d lab e 2ac + b 2 a 3 

d e 2ac + b 2 f 2ad + 26c Sa 2 b 

e f 2ad+ 2bc g 2ae + 2bd + c 2 3a 2 c + Sab 2 

f g 2ae + 2bd + c 2 h 2af+ 2be + 2cd Za 2 d + 6a&c + b 3 

in which it was originally obtained by Mr. Roberts. 

M. Halphen has remarked that the minor of h in the Cubic Criterion is the 
Principiant which he calls A (our AG — B 2 ) multiplied by a (see p. 50 of his 
These). 

We proceed to determine the degree and weight of the Criterion of the 

curve of the n th order. These are the same as the degree and weight of its 

diagonal 

(2.1)(4.1)(5.2)(7.1)(8.2)(9.3)(11.1)(12.2)(13.3)(14.4) , 

which consists of — ^— factors, separable into n groups, 

(2.1), (4.1)(5.2), (7.1)(8.2)(9.3), (11 .1)(12. 2)(13. 3)(14.4) 

containing 1, 2, 3,4, . . . . n factors respectively. Now. 

(m . («) = co. h m in (ah 2 + bh 3 -f- c7t 4 + )* 

= co. h™- 2 » in (a + bh + ch 2 + )", 

and consequently (rn.^t) is of degree fi and weight m — 2p. Hence the degree 
of the Criterion (found by adding together the second numbers of the duads 
which occur in the diagonal) is 

l + (l + 2) + (l + 2 + 3) + (l+2+3 + 4) + ....+(l + 2 + 3 + .... + n) 

= l-t-3 + 6 + 10+.... + !^p 

_ to (n + !)(«.+ 2) 
~ 6 ' 

To find the weight of the Criterion, we begin by arranging the factors of its 
diagonal according to their weight. This is done by writing each group of 
factors in reverse order, so that the diagonal is written thus : 

(2.1)(5.2)(4.1)(9.3)(8.2)(7.1)(14.4)(13.3)(12.2)(11.1) 
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3 I 

The weights of the factors are now seen to be , 1 , 2,3,.... n ~J~ n — 1 ; 



there being 



n 2 -\-n 



factors in the diagonal, one of them of zero weight. Hence 

the weight of the Criterion is 

'n 2 + « 
~2~ 



1 + 2 + 3+.. .. + (^-l) 

/n? + n \ n 2 + n 
_ V~ 2~ ~ )~~2~ _ (n — l)n(n+ l)(n + 2) . 



If, in the above formulae, we make n= 2, we shall find that the degree is 
4 and the weight 3, whereas the Mongian a?d — Sabc + 2b 3 (which is the Crite- 
rion of the second order) is of degree 3 and weight 3 . 

To account for this discrepancy, observe that in this case 
(2.1) (3.1) (3.2) a b 

(3.1) (4.1) (4.2) — b c a % 
(4.1) (5.1) (5.2) c d 2ab 

which is divisible by a, the other factor being the Mongian, as may easily be 
verified. This is the only case in which the determinant expression for the 
Criterion contains an irrelevant factor. 

To express the Cubic Criterion in terms of a, A, B, G, D, E, we first 

remark that its degree is ' ' = 10, and its weight — ^- = 15. Thus the 

Cubic Criterion is expressible as the product of a -5 (10 — 15 = — 5) into a 
function of the capital letters, which we determine by the usual method of sub- 
stituting for 

a, b, c, d, e , /, g , h 

i, o, o, a, b, c, b + ^La; E+^-AB. 

When these substitutions are made, the Cubic Criterion becomes 

10 

1 A 

A 0B 

A B (7 

B G 2A 



D+^A> 



G D + 



25 



2B 



E+^AB 



1 














1 


2A 





2B 





2G 


3. 
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Subtracting the first column of this determinant from the fifth and reducing, we 
obtain o 

A 

B 



G 



D + 



25 



1 


A 











B 





1 








A 





2A 


D +T A * 


B 





2B 


E + ^-AB 


G 


3- 



Again, subtracting the second column multiplied by A from the third and 

reducing, there results 

A B 1 

B G A 

9 



G 
B+^-A* 



D +T A * 
E+^AB 



B 

G 




SA 



which, after subtracting the first row multiplied by SA from the last and re- 



ducing, becomes 



B 

G 



G 
D+^-A* 



A 
B 



D + — A* E + ^AB G 
- B (OD + -jj- A*G— qBE— A AB^ + G(BD + -^A*B— <7 2 ) 






+ A ( GE + 4- AB G — D 2 — - .A? J) 



5 
T 



64 







= (AGE— B i E—AD' i + 2B GD— G 3 ') — -^a(a*D — 3ABG+ 2£ 3 )— ~A 5 . 

This expression, which is of degree- weight 15.15, instead of 10.15, must be 
divided by a 5 to give the correct value of the Cubic Criterion. 

(To be concluded in a subsequent number.) 



